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ABSTRACT

A voltage regulator is developed to extend the operation
range of a electrostatic actuator using a displacement feedback.
The feedback actuator system can be used for continuous posi-
tion tracking of step, ramp, or harmonic voltage signals. The
electrostatic actuator is composed of a micro-cantilever beam
electrode above a fixed electrode. The voltage difference be-
tween the two electrodes is regulated by the controller to main-
tain the balance between mechanical and electrostatic forces at
large beam deflections, thereby increasing the actuation range.
Simulated closed loop system responses with experimentally
identified parameters are presented and show the actuation can
reach up to 85% of the gap in the static response with an input
voltage of less than 12 V. Experimental results show that the con-
troller properly functions and prevents the beam from experienc-
ing pull-in. A close agreement is found between the simulated
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and measured closed loop model dynamic responses.

Nomenclature
A Cross section area
E Modulus of elasticity
I Second moment of area
L Beam length
b Beam width
d Initial gap
h Beam height
Vin Total input voltage
VDC Input DC voltage
VAC Input AC voltage
Vc Controller output voltage
G Controller gain
q Normalized beam tip deflection
Ψ Amplification factor
ρ Density
ε0 Permittivity of free space
ω Circular frequency of excitation
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1 Introduction
MEMS actuators have been widely used in many fields,

including micro-manipulation [1–3], micro-assembly [4, 5],
biomedical applications [6, 7] and probe-based magnetic micro-
disc drives [8]. MEMS acatuaros are divided into four groups in-
cluding electrostatic, thermal, piezoelectric and magnetic. Elec-
trostatic actuation has the advantage of ease of fabrication and in-
tegration with CMOS technology in addition to energy efficiency
compared to other actuation types [9, 10].

In electrostatic actuation, two electrodes move against each
other under the influence of an electrostatic force that arises due
to a voltage difference between the electrodes. The major draw-
back of electrostatic actuation is the narrow stable operating re-
gion, which is only 0.3-0.4 of the gap between the two plates.
Inside this stable region the position of the moving plate is deter-
mined by the balance between the electrostatic and mechanical
forces. Beyond 0.3-0.4 of the gap, the mechanical force is no
longer capable of balancing the nonlinear electrostaic force and
pull-in takes place [11]. Several approches have been proposed
to overcome this drawback including leveraged bending where
plates are operated in the stable region and leverage is used to in-
crease the travel [10], charge control where capacitance is added
in series with the actuator to overcome the pull-in instablity [12],
and feedback control [13–16]. Feedback control has more ad-
vantages over the other methods. It can stabilize the system be-
yond the pull-in instability in addition to adding robustness to
the system against parameter uncertainties and deterioration over
time [17].

Feedback control was first suggested by Chu and Pister in
[13]. They used a nonlinear controller in which the input volt-
age is scaled by the gap. In the simulations, they were able
to produce a travel range larger than 80% of the gap. Lu and
Fedder [14] then implemented a position feedback using analog
electronics and a capacitor as a position sensor. They used a
linear time-invariant controller to simplify implementation and
linearized the system while using gain and phase margin to en-
sure stability. They were able to obtain a stable travel range of
60% of the gap in the experiments. Rocha et al. [15] achieved
over 90% of stable travel in experiment using on-off control with
capacitive position sensing. A comparator is set to compare the
position of the beam with a set position, as long as the position
of the beam is lower than the set position, the input voltage is
higher than the pull-in voltage. When the beam position is larger
than the set position, the input voltage switches to a voltage lower
than the pull-in voltage. The beam keeps oscillating around the
required position and the ripples magnitude depend on the delays
in the controller circuit. The ripples magnitude can be very high
and cause pull-in in systems with high Q factor. Vagia et al. [16]
used a model of a moving plate and where able to achieve 3.9 µm
travel in a 4 µm gap device in simulations using a PID controller.

In this paper, experimental verification is presented for a
feedback control approach presented by Lu et al. [14] and further

developed in references [18, 19]. This controller is designed for
an electrostatically actuated micro-cantilever beam. The micro-
beam is mounted on a vibrometer that is used as a sensor, yield-
ing a voltage signal representing the velocity of the tip of a micro-
beam. An analog electronic circuit is then used to realize the
controller and close the loop with the micro beam. After vali-
dating the closed-loop system dynamics, the vibrometer can be
replaced by a piezoresistor to sense the position, thus eliminating
the parasitic behavior due to the presence of capacitors [14].

In the sequel the mathematical modeling of the system, pa-
rameter identification, and static and dynamic responses of the
closed loop system are illustrated from both simulations and ex-
periments. A discussion on the results, and conclusions con-
cludes the paper.

2 System Model
The open loop system is an electrostatic actuator consisiting

of a fixed electrode with a moving electrode above it (Figure 1).
The moving electrode is a micro-cantilever beam that is driven
by applying different voltages between the two electrodes.

Figure 1: The electrostatic actuator under testing. (picture is taken by
an optical profilometer)

Using the Euler-Bernoulli beam model and following
Nayfeh et al. [20] for reduced order models, an open loop model
is obtained employing a one-mode approximation in Galerkin’s
method (for more details, see [21]) as

(q̈+µq̇+ω
2
1q)(1+ c1q+ c2q2) = c3αV 2

in (1)

where q is the non-dimensional micro-cantilever beam tip deflec-
tion (nondimensionalized with respect to the initial gap) and time
is nondimensionalized with respect to

T =

√
ρAL4

EI
(2)
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In Equation 1, overdot means derivative with respect to time, ω1
is the first canonical natural frequency of the beam, Vin is the
input voltage to the system given by

Vin = VDC +VAC cos(ωt) (3)

and c1, c2, and c3 are found after applying Galerkin’s method.
The two introduced parameters are

µ = 2ζω1, α =
ε0bL4

2EId3 (4)

where α is the electromechanical coupling coefficient, ζ is the
damping ratio determined experimentally, and the other parame-
ters are defined in Table 1.

Table 1: The electrostatic actuator parameters

Parameter Symbol Value

Density ρ 2331 kg/m3

Damping ratio ζ 0.08

Permittivity of air ε 8.85×10−12 F/m

Modulus of Elasticity E 150 GPa

Amplification factor Ψ 1 V

Controller gain G 2

The closed loop feedback system is comprised of the men-
tioned electrostatic actuator and an electronic circuit controller,
which regulates the voltage applied to the beam. The closed loop
system is represented by an ordinary-differential equation:

{
(q̈+µq̇+ω2

1q)(1+ c1q+ c2q2) = c3αG2(Vin−Vc)2

Vc =
q

1−q
Ψ

(5)

where ψ is the amplification factor [21].
The controller acts as a voltage regulator to prevent pull-

in. In the open loop system, as the beam bends, the mechan-
ical spring force balances the electrostatic force up to 30-40%
of the gap, beyond that electrostatic force dominates and pull-
in happens. In the closed loop system, as the beam deflection
increases, the controller voltage Vc increases, see Figure 2, and
thereby the net actuation voltage, G(Vin−Vc), decreases. As a re-
sult the electrostatic forcing drops at large deflections helping the

spring force balance the beam, and extending the actuator stable
operating range.

Figure 2: Controller voltage as a function of non-dimensional beam tip
deflection: Vc =

q
1−q

(Ψ = 1 V) .

3 Parameter Identification
To identify the model parameters, the open loop system is

tested to find the frequency responses and pull-in voltages. The
frequency response curves of the electrostatic actuator are ob-
tained experimentally and used to identify the beam length, pull-
in voltage, and damping ratio. Thickness and gap for the beams
are measured using an optical profilometer, Figure 1.

Figure 3 illustrates experimental frequency response curves
of the beam tip velocity at VAC = 2 V and different DC voltages.
In Figure 3, it is noted that the peak frequency decreases with
increasing DC voltage. This is shown in Figure 4 that shows the
natural frequency of the cantilever beam as a function of DC volt-
age from the eigenvalue calculations and from the experimental
frequency response. One can identify the beam length by deter-
mining the natural frequency at VDC = 0, and the pull-in voltage
by determining the voltage at the zero natural frequency. The nat-
ural frequency at VDC = 0 is found to be 103.3 kHz, and hence
the effective beam length is determined to be 166.1 µm. Pull-in
voltage is predicted to be 23.5 V from the eigenvalue calculation
in the simulations.

From the frequency responses in Figure 3, the damping ratio
is obtained by finding the compliance frequency response curves
(beam tip velocities divided by individual frequencies), and cal-
culating

ζ =
ωa−ωb

2ωp
(6)
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where ωa, ωb are the frequencies where the magnitude is 1/
√

2
of the peak magnitude, and ωp is the frequency of the peak.
Damping ratio is calculated and averaged for the frequency re-
sponse curves at VDC = 6 V, and VDC = 11.2 V and is found to be
0.08.

Figure 3: Frequency response of the beam tip velocity (b = 10 µm, h =
2.2 µm, d = 2.1 µm) at VAC = 2 V : ◦ VDC = 6 V, � VDC = 9.07 V,
. VDC = 11.2 V , −− fitted data on the experimental results.

Figure 4: Natural frequency as a function of DC voltage for the beam
with dimensions of L = 166.1 µm, b = 10 µm, h = 2.2 µm, and d =
2.1 µm: − Simulations, � experimental results.

Using the beam length and damping ratio determined ex-
perimentally, Equation 1 is solved numerically . The simulation

result is shown by a solid line in Figure 5. The figure shows
that the one-mode model with the experimentally identified pa-
rameters yields a good approximation of the open loop dynamic
behavior.

Figure 5: Frequency response of the beam tip velocity with dimensions
of L = 166.1 µm, b = 10 µm, h = 2.2 µm, d = 2.1 µm at VDC = 9.07 V,
and VAC = 2 V : − Simulations, � experimental results, −− fitted data
on the experimental results.

For the closed loop test, a beam with the nominal length of
175 µm is used. The previously described procedure is repeated
to identify the model parameters experimentally. Thickness and
the gap are found from the optical profilometer scan to be 1.9 µm,
and 1.9 µm respectively. Figure 6 shows the natural frequencies
as a function of DC voltage for the beam. The effective beam
length was determined to be 185 µm , and the pull-in voltage was
estimated to be 14 V at the zero frequency.

4 Closed Loop Response
In the previous section, open loop system parameters

were identified and the model dynamic responses were verified
through testing. In this section, the closed loop static and dy-
namic responses are obtained from numerical simulations and
are compared with experimental results.

4.1 Simulation Results
The closed loop system represented by Equation 5 can show

bi-stable behavior as well as single stable behavior [21] by tun-
ing controller gain G, and amplification factor ψ. A single stable
actuator is preferred for position tracking to allow continuous
tracking as opposed to the jumps experienced between stable po-
sitions occurring in bistable systems. So these parameters are
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Figure 6: Natural frequency as a function of DC voltage for beam with
dimensions of L = 185 µm, b = 10 µm, h = 1.9 µm, and d = 1.9 µm:−
Simulations, ◦ experimental results.

chosen as listed in Table 1 to make the system single stable. Fig-
ure 7 shows the static response of the system for G = 2, Ψ = 1 V
found by setting the time derivatives equal to zero in Equations
5 and solving numerically.

To examine the stability of the equilibrium points, the sys-
tem equations are linearized around the points and the eigenval-
ues are found. Table 2 lists the eigenvalues at the equilibrium
points corresponding to DC voltages 6 V, 8 V, and 12 V. Table
2 results indicate that the equilibrium points along the solid line
are stable equilibrium points and the points on the dashed line
are the saddle points. It also shows feasible static actuation up to
85% of the initial gap at VDC = 12 V.

Table 2: Eigenvalues for the equilibrium points at different DC voltages.

VDC Point 1 Eigenvalues 1 Point 2 Eigenvalues 2

6 0.203 -0.274±3.06i 0.918 25, −26

8 0.57 -0.274±2.716i 0.929 29.8, −30

12 0.85 -0.274±13.854i 0.945 38.573, −39.121

Dynamic response of the closed loop system is also obtained
by converting Equation 5 to state space equations and solving the
resulting two ordinary differential equations numerically [21].
Figure 8 shows the simulated steady state dynamic response of
the beam excited at VDC = 5 V, VAC = 3 V, and at a frequency of
10 kHz. The input voltage is shown in part (d) of the figure, part

Figure 7: Static response of the closed loop single-stable system. Beam
dimensions are L = 185 µm, b = 20 µm, h = 1.9 µm, and d = 1.9 µm:−
stable equilibrium points, −− unstable equilibrium points.

(a) shows that the maximum velocity reaches 50 mm/s, and part
(b) shows that the deflection of the beam reaches 1.14 µm (0.57
of the initial gap) that corresponds the beam tip deflection at the
input voltage peak, VDC = 8 V (Table 2). It is then inferred that
the response is forced to maintain the same frequency as the in-
put and to arrive at the same displacement obtained under static
(DC) load. This result also indicates that the closed loop actuator
can be successful in reaching a desired location in the gap, with-
out going to pull-in. It is also noted that controller output voltage
Vc is less than 1.6 V as shown in part (c) of Figure 8.

4.2 Experimental Results
The experimental setup for the extended stability actuator

consists of a micro-cantilever beam electrostatic actuator, a laser
vibrometer, an analog controller circuit, a function generator and
a digital oscilloscope. The schematic of the system is shown in
Figure 9.The cantilever beam is made of polysilicon and has been
fabricated using the PolyMUMPS process. The beam tip velocity
is measured by the vibrometer and the corresponding analogue
signal is fed to the controller along with the input voltage from
the function generator. The controller integrates the signal to
find the beam tip displacement, and based on that, it generates a
voltage that is subtracted from the input voltage and is multiplied
by the gain. The net actuation voltage of G(Vin−Vc) is then fed
back to the electrostatic actuator to drive the beam.

A preliminary test has been performed on the closed loop
system, that proves we can close the loop and prevent the beam
from experiencing pull-in. Figure 10 shows the beam tip velocity
recorded by the laser vibrometer. The beam actuator is excited
at VDC = 5 V, VAC = 3 V, and frequency of ω = 10 kHz. Pro-
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Figure 8: Dynamic response simulation results at VDC = 5 V, VAC = 3 V,
and frequency ω = 10 kHz. Beam dimensions are L = 185 µm, b =
20 µm, h = 1.9 µm, and d = 1.9 µm. a) Beam tip velocity, b) Beam tip
deflection, c) Controller voltage Vc, d) Input voltage Vin.

Figure 9: Schematic of the system setup.

viding that the controller did not work, the applied voltage to the

actuator would be G(VDC +
VAC√

2
) = 2(5+

3√
2
) = 14.24 V, larger

than the 14 V pull-in voltage, in which case the beam would col-
lapse and would not oscillate. Reaching the maximum velocity
of 10 mm/s in the closed loop response shows that the controller
is working and it is preventing the beam from experiencing pull-
in. The closed loop velocity response frequency is 10 kHz, equal
to the input excitation frequency of 10 kHz as expected. How-
ever, there exists a 30 Hz noise produced by a vacuum pump for
holding the probe station that is shown in Figure 10 modulated
on the 10 kHz response.

A high pass filter is then designed in the analogue controller
circuit to filter the 30 Hz noise. Figure 11 shows dynamic re-
sponse of the closed loop system to a sinusoidal excitation at
VDC = 1.96 V, VAC = 2 V after adding the high pass filter. The
beam displacement reaches 15% of the gap and the beam ve-
locity is as large as 13 mm/s. There is a very close agreement
between the beam tip velocity in the experiments and simula-
tions in part a) of Figure 11. The regulated voltage applied to the

Figure 10: Experimental closed loop response of the electrostatic beam
actuator excited at VDC = 5 V, VAC = 3 V, and frequency ω = 10 kHz.
Beam dimensions: L = 185 µm, b = 20 µm, h = 1.9 µm, and d = 1.9 µm.

Figure 11: Dynamic response of the closed loop system to VDC = 1.96 V,
VAC = 2 V, ω = 10 kHz. Closed loop circuit parameters are Ψ = 0.45,
G = 4.8. Beam dimensions are L = 130 µm, b = 20 µm, h = 1.9 µm, d =
1.7 µm. a) Beam tip velocity, b) Beam tip displacement, c)Controller
output voltage, Vc, d)Regulated voltage applied to the beam G(Vin−Vc):
− Simulations, −− experimental results.

beam in part d) is also very close to what was predicted and is
changing between 0 to 20 V. There are slight differences between
the simulations and experiments for deflection and the controller
output voltage in part b) and c) of Figure 11, which relates to the
DC shifting added to the analog integrator to stabilize its func-
tion. The overall qualitative and quantitative agreements between
simulations and experiments proves that the closed loop system

6 Copyright c© 2010 by ASME



model not only tracks desired position but also predicts the sys-
tem behavior with good accuracy. The future step in our experi-
mental validation is reaching high displacements.

5 Conclusion
An analog voltage regulator is developed for an electrostatic

actuator. The regulator controls the voltage difference between
the two electrodes to balance electrostatic and mechanical forces
and to prevent pull-in. The feedback system enables position
tracking as well as actuation range extension. The controller was
successfully implemented on an analog circuit and integrated
with the electrostatic actuator.

This study includes both modeling and testing of the closed
loop control system. Model parameters are identified from open
loop experiments. The open loop experiments also validated the
use of the one mode model presented. In addition, static and
dynamic numerical simulations of the closed loop system are
demonstrated. Static response of the closed loop system reveals
that the actuator can reach up to 85% of the initial gap. Dy-
namic response of the closed loop system is also presented and
compared with experimental results. Experiments show the ef-
fectiveness of the controller in preventing pull-in when a voltage
above the pull-in voltage is applied to the feedback system. We
have also shown that the closed loop system model is capable of
predicting the system behavior with good accuracy. Future work
will include experiments with extended deflection range.
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