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ABSTRACT

In this paper we propose a new receiving algorithm for MC-DS-
CDMA systems when carrier frequency offset (CFO) is significant.
By exploiting the special structure of the CFO contaminated signals,
the new algorithm cancels CFO completely during the despreading
procedure, after which the despreaded CFO-free signal is demod-
ulated via normal FFT-based OFDM demodulator. Guaranteeing
complete CFO cancellation, this method is advantageous over the
majority existing CFO-mitigation techniques that can only mitigate
but not completely remove CFO. An efficient algorithm is developed,
and simulations are conducted to demonstrate the performance.

Index Terms— MC-DS-CDMA, carrier frequency offset,
multiple access, synchronization, broadband communications

1. INTRODUCTION

Multi-carrier CDMA, which combines the OFDM-based multi-carrier
transmissions and CDMA-based multi-user access, is a promising
technique for future 4G broadband multi-user communication sys-
tems. The application of OFDM greatly resolves the difficulty raised
by multi-path fading that is specially severe for broadband systems.
The application of CDMA simplifies the multi-access and synchro-
nization design, especially in the uplink.

There have been many different types of multi-carrier CDMA
systems proposed [1]. One of them is MC-CDMA where each data
symbol is spreaded into a chip sequence which is modulated onto
different OFDM sub-carriers, i.e., different chip on different sub-
carrier. Another major type of multi-carrier CDMA systems is the
MC-DS-CDMA [2], where each OFDM-block (after IFFT and cyclic
prefix) is block-wise spreaded, i.e., the OFDM-block is spreaded
into multiple OFDM blocks, each multiplied with a different chip
of the spreading code. A major feature of MC-DS-CDMA system is
that each OFDM sub-carrier works like DS-CDMA. Specifically, if
there is only one sub-carrier, then the MC-DS-CDMA reduces to a
conventional DS-CDMA. One of the major advantages of MC-DS-
CDMA is that each DS-CDMA signal (in each sub-carrier) of a user
can be maintained orthogonal to that of all the other users, when or-
thogonal spreading codes are used. As a result, multi-access interfer-
ence (MAI) is mostly avoided, which may greatly boost performance
over conventional DS-CDMA.

Nevertheless, a major problem for MC-DS-CDMA (and in fact
for all multi-carrier systems) is the loss of carrier frequency synchro-
nization, or the residual carrier frequency offset (CFO) [3]. While in
conventional DS-CDMA, CFO only makes channels time-varying,
which can be conveniently dealt with by adaptive channel estimation
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and equalization techniques, the CFO in MC-DS-CDMA not only
makes channels time-varying, but also destroys the orthogonality
among sub-carriers, which causes inter-carrier interference (ICI) and
multi-access interference (MAI) [3,4]. Even if orthogonal spreading
codes are used, MC-DS-CDMA with CFO still suffers from MAI
and ICI. As a result, MC-DS-CDMA is very sensitive to CFO, and
is susceptible to CFO even more than conventional OFDM because
multiple users are involved.

In MC-DS-CDMA systems, each multi-access user may suffer
from a difference CFO, which makes it difficult for the receiver to
remove all the CFO at the same time. Existing multi-carrier systems
usually have to assume that carrier frequency can be perfectly syn-
chronized [5,6], or at least CFO can be made small enough such that
certain level of CFO mitigation is enough [7].

Note that most of the existing CFO mitigation techniques can
only mitigate, not completely cancel, the CFO. As far as we know,
very few can promise complete CFO cancellation by the receiver
only in multi-user environment [8]. In multi-user systems, espe-
cially when the number of users is not so small, even slight CFO for
each user, if left un-canceled, can be aggregated together to cause se-
vere performance degradation. Hence approximate synchronization
or mitigation may not be sufficient. Existing techniques may only be
useful when the CFO is extremely small or the number of users is
less enough.

In this paper, we propose a new receiving algorithm for MC-
DS-CDMA systems, which exploits the special structure of CFO-
contaminated signal to guarantee complete CFO cancellation. The
CFO is cancelled during despreading, and thanks to the spreading
codes, this procedure does not enhance noise very much. It can be
implemented in a computationally efficient manner.

This paper is organized as follows. In Section 2, we setup the
MC-DS-CDMA system model. In Section 3, we develop the new
algorithm. Then simulations are conducted in Section 4, whereas
conclusions are made in Section 5.

2. MC-DS-CDMA SYSTEM MODEL

We consider the uplink of an MC-DS-CDMA system, whereI users
transmit to a base station. Each user, e.g., the useri, 0 ≤ i ≤
I − 1, has a spreading codeci,g , whereg = 0, 1, · · · , G − 1. Note
that the spreading codes can be periodic or aperiodic. Because MC-
DS-CDMA systems can use orthogonal codes such as the Walsh-
Hadamard codes, we assume the codeci,g is periodic with periodG,
andG is the processing gain.

To simplify notation, we consider one symbol block only, i.e.,
every user transmits one symbol block in a frame. Specifically, the
user i has a data blockbi = [bi(0), · · · , bi(N − 1)]T for trans-



mission, whereN is the OFDM block length, or the FFT length.
Conventional OFDM systems just use IFFT to processbi, and add
cyclic prefix (CP) before transmission. In MC-DS-CDMA systems,
the symbol blockbi is first (block-wise) spreaded intoG blocks
by {ci,g}, which can be denoted as{bici,0, · · · ,bici,(G−1)}. Then
each of theG blocksbici,g is OFDM modulated (performingN -
point IFFT and adding CP with lengthM ) and transmitted.

For theith user, thegth block of the transmitted signal with CP
can be express as

si,g(n) =
1√
N

N−1∑
k=0

bi(k)ci,gej2πnk/N , (1)

wheren = 0, · · · , N + M − 1. Because each block has a multipli-
cation factorci,g only, we can define

si(n) =
1√
N

N−1∑
k=0

bi(k)ej2πnk/N (2)

so thatsi,g(n) = si(n)ci,g . The entire transmission frame (withG
blocks) has a structure shown in Fig. 1, where a total ofG(N + M)
samples are transmitted forN information symbols.

CP
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i,G−1
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i,0s   (0)
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Fig. 1. Structure of MC-DS-CDMA transmission frame for a user,
where one block ofN information symbols is spreaded intoG
blocks, and each block is OFDM modulated.

Because each of theG blocks does not interference with the
other blocks (thanks to the CP), we can consider in general thegth

block only for notational simplicity. The received signal from the
ith user,ri,g(n), can be described as the linear convolution of the
channelhi(l) with si,g(n),

ri,g(n) =

L∑
�=0

hi(�)si,g(n − �). (3)

Without loss of generality, we assume all channels have orderL.
The overall signal received by the receiver, with delaydi, CFO εi

and initial phaseφi taken into consideration, becomes

rg(n) =

I−1∑
i=0

ri,g(n − di)e
j(εin+φi) + vg(n), (4)

wherevg(n) is AWGN with zero-mean and varianceσ2
v. Note that

the length of CP should satisfyM ≥ L + max
0≤i≤I−1

di.

As in conventional MC-DS-CDMA demodulator, for each block
we remove CP and consider the samplesrg(n), n = M, · · · , N +
M −1, which can be put into a vectorr(g) = [rg(M), · · · , rg(N +
M − 1)]T . Then we have

r(g) =

I−1∑
i=0

Ei(g)




hi(L) · · · hi(0)
. . .

. . .
hi(L) · · · hi(0)




×




si(M − di − L)
...

si(N + M − di − 1)


 + v(g), (5)

whereEi(g) = ej[εi(N+M)g+φi]ci,gdiag{ejεiM , · · · , ejεi(N+M−1)}
is theN×N diagonal CFO matrix, and noise vectorv(g) = [vg(M),
· · · , vg(N + M − 1)]T . Because of the CP, we can rewrite (5) in
matrix form as

r(g) =

I−1∑
i=0

Ei(g)H̃isi(di) + v(g), (6)

where the channel matrix̃Hi is anN × N circulant matrix, whose
first row (rowk = 0) is [hi(0), 0N−L−1, hi(L), · · · , hi(1)], and the
subsequentkth row is a(k−1)-step right cyclic shift of the first row.
For example, the second row (k = 1) is [hi(1), hi(0), 0N−L−1,
hi(L), · · · , hi(2)]. In (6), the symbol vectorsi(di) = [si(M −
di), · · · , si(N + M − di − 1)]T .

Now consider the symbol vectorsi(di). We can substitute the
lastM − di symbols with their equivalent symbols (because of the
CP), i.e., replacesi(N + l) with si(l), from which we can rewrite
si(di) assi(di) = [si(M −di), · · · , si(N −1), si(0), · · · , si(M −
di − 1)]T . Then, by rearranging the order of the entries ofsi(di)

and switching correspondingly the columns ofH̃i, we can change
(6) into

r(g) =

I−1∑
i=0

Ei(g)Hisi + v(g), (7)

wheresi = [si(0), · · · , si(N − 1)]T andHi is anN ×N circulant
matrix

Hi =




0M−di−L hi(L) · · · hi(0) 0N−M+di−1

0M−di−L+1 hi(L) · · · hi(0) 0N−M+di−2

...
...

0M−di−L−1 hi(L) · · · hi(0) 0N−M+di


 .

(8)
Note that the rows of (8) are the right cyclic shift of its first row. An
important feature of the model (7) is that the delaydi is contained
in Hi only, whereas the CFOεi is contained in the diagonal CFO
matrix Ei(g) only. Because the channel matrixHi is independent
of CFO, once CFO is mitigated,di will just introduce phase shifts to
the frequency domain channels after FFT in OFDM demodulation,
which is easy to deal with.

In ideal MC-DS-CDMA systems without CFO, the sample vec-
tors (7) becomer(g) =

∑I−1

i=0
ejφici,gHisi + v(g) (which is the

gth block of the received signal). Then conventional demodulator
performs FFT ofr(g), which diagonalizesHi intodiag{Hi(0), · · · ,
Hi(N − 1)}. The signals in thekth sub-carrier becomeswk,g =∑I−1

i=0
ejφici,gHi(k)bi(k), based on which despreading is conducted

to estimate symbol̂bi(k) =
∑G−1

g=0
wk,gc∗i,g/[Gejφi |ci,g |2Hi(k)].

As can be seen, orthogonal spreading codes such as Walsh-Hadamard
codes can be used because the code orthogonality is preserved even
if there is delay mismatch.

However, if different user’s signal suffers from different CFO
εi, then there is no such easy way of demodulation. Specifically, the
presence ofEi(g) prevents the diagonalization ofHi by conducting
FFT onr(g). Therefore, we need to look for new ways to cancel the
CFO matricesEi(g).



3. MC-DS-CDMA RECEIVER WITH CFO
CANCELLATION

In this section, we present a new receiving algorithm with the capa-
bility of complete CFO cancellation. We assume that the receiver
knows the delaydi, CFOεi, initial phaseφi, which can be estimated
conveniently by training or blindly [9].

3.1. Basic idea

From (7), we can see that the received sample vectorsr(g), 0 ≤ g ≤
G− 1, are different in the CFO matricesEi(g) only, but contain the
sameHi andsi. This observation serves as our ground for removing
CFO. Stacking together all availableG vectors, we have




r(0)
...

r(G − 1)


 =

I−1∑
i=0




Ei(0)
...

Ei(G − 1)


Hisi +




v(0)
...

v(G − 1)


 ,

(9)
which for notational simplicity can be defined as

y =

I−1∑
i=0

AiHisi + u. (10)

Note thaty has dimensionGN×1, andAi has dimensionGN ×N .
Our basic idea of removing CFO is thus to design anN × GN

CFO-cancellation matrixXi for each useri, such that

XiAk = δi,kIN =

{
IN , if i = k

0N×N , if i �= k
(11)

A direct solution to (11) is

Xi =
[
0N×(i−1)N , IN , 0N×(I−i)N

]
[A0, · · · ,AI−1]

+ , (12)

where(·)+ denotes pseudo-inverse.
After obtaining the matrixXi, we can apply it ony to getzi =

Xiy, wherei = 0, · · · , I − 1. If (11) is perfectly satisfied, then
zi = Hisi + Xiu. BecauseHi is N × N circulant, FFT can be
conducted onzi to detect the signalbi(k) of each useri. Note that
CFO is completely removed, and this approach has combined the
CFO cancellation with despreading, which is performed before the
FFT-based OFDM demodulation.

A potential problem is whether (11) can have exact solutions.
Another problem is about the computational complexity of (12),
which requires large matrix inversion. In the next section, we de-
rive an algorithm that calculates the matricesXi more efficiently,
during which we also show that CFO is indeed completely removed.

3.2. Element-wise derivation of Xi

Consider the matricesXi andEi(g) which have dimensionsN ×
GN andN×N , respectively. Define themth row ofXi as[xm

i (0),
· · · ,xm

i (G−1)], where eachxm
i (g) is a1×N vector. We also define

[xm
i (g)]� as the�th entry of the1×N vectorxm

i (g). To satisfy (11),
each row� of Xi must satisfy

G−1∑
g=0

x�
i(g)Ek(g) = δi,k eT

� (13)

where
eT

� = [0, · · · , 0, 1, 0 · · · , 0]T (14)

is a unit vector with 1 in the�th entry,0 ≤ � ≤ N − 1. Considering
that all CFO matricesEk(g) are diagonal, (13) can be changed to

G−1∑
g=0

[x�
i(g)]�[Ek(g)]�,� = δi,k (15)

where[Ek(g)]�,� is the(�, �)th entry of theN × N diagonal matrix
Ek(g),

[Ek(g)]�,� = ej(εkM+φk)ejεk(N+M)gci,gejεk�. (16)

In addition, we need to have
[
x�

i(g)
]

m
= 0 for all m �= �. Note that

Therefore, the�th row of the matrixXi have onlyG non-zero
entries, which must satisfy (15). Define theseG entries as vector

fi(�) =




[x�
i(0)]�

...[
x�

i(G − 1)
]

�


 . (17)

Then (15) becomes

Bfi(�) = eie
−j[εi(M+�)+φi], (18)

where theI × G matrix

B =




c0,0 · · · c0,G−1e
jε0(N+M)(G−1)

...
...

cI−1,0 · · · cI−1,G−1e
jεI−1(N+M)(G−1)


 . (19)

Note that[B]m,n = cm,nejεm(N+M)n, where0 ≤ m ≤ I − 1,
0 ≤ n ≤ G − 1. In practice, we haveG ≥ I , so (18) always have
exact solutions (thanks to the spreading codes)

fi(�) = B−1eie
−j[εi(M+�)+φi] (20)

Note thatei in (18) and (20) is anI × 1 unit vector (has value 1 in
theith entry and zero elsewhere).

As a summary, by solving (20) we obtain theG non-zero entries
of the�th row of Xi. Doing (20) for all theN rows0 ≤ � ≤ N − 1,
we obtain the CFO mitigation matrixXi for the useri. By Xiy we
conduct both CFO removal and despreading for the signal of useri.
Because (11) can be accurately satisfied, we have

zi = Xiy = Hisi + Xiu. (21)

Performing FFT onzi, we can detect the symbolsbi(k) transmitted
by the useri just as conventional single-user OFDM. This procedure
can be repeated for every useri, 0 ≤ i ≤ I − 1.

For each useri, we need to compute a unique matrixXi, the
computational complexity of which isO(GI2N) for each user, or
O(GI3N) for all theI users. After (20), the rest demodulation and
detection has complexity ofO(GN + N log N) only for each user,
or O(GIN + IN log N) for all the users. On the other hand, the
inverse ofB in (20), which is the most complex one, just needs to
be calculated once for all the users and for all the OFDM frames if
CFOs are constant and spreading codes are periodic. In this case,
the complexity of (20) becomes in fact negligible compared with
O(GIN + IN log N). Note that the conventional MC-DS-OFDM
receiver has complexityO(GIN + GN log N) for all the I users.
Therefore, ifG � I , our algorithm may be even more efficient.



4. SIMULATIONS

In order to evaluate the performance of our algorithm, we simu-
lated a system with two to four multiple access users and one base-
station receiver. The parameters we used were MC-DS-CDMA with
N = 32, QPSK,G = 16 orthogonal Walsh-Hadamard codes. The
CFO and delay were randomly generated for each user. Randomly
generated channel with orderL = 3 were used. 10000 runs of
the program were conducted to derive the average symbol error rate
(SER) under various signal-to-noise ratio (SNR) or various CFO.
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Fig. 2. SER vs. SNR for our new algorithm (with 2 to 4 users),
and conventional MC-DS-CDMA without CFO or with CFO (with
2 users)

First, we studied the performance of our algorithm in combating
CFO when different number of usersI = 2, 3, 4 were presented.
We set the relative CFO (rCFO) between the two users whenI = 2
to be 0.1, which wasε1 − ε0 = 0.1, or specifically,ε0 = 0.1 and
ε1 = 0.2. For I = 3 andI = 4, the rCFO were 0.1, 0.2 and 0.1,
0.2, 0.3, respectively, compared withε0. The simulation results are
shown in Fig. 2. Under CFO, our algorithm can support a reasonable
number of users, while the conventional method fails. In particular,
our method does not lose much performance compared with the ideal
no-CFO case, which can be seen fromI = 2 cases.

Next, in Fig. 3, we show that our algorithm can cancel all CFO,
so its performance is reliable for whatever (even large) CFO. This
clearly shows the advantage of complete CFO cancellation over cer-
tain level of mitigation only.

5. CONCLUSIONS

In this paper, we proposed a new receiving algorithm for MC-DS-
CDMA systems, whose major advantage is to completely cancel
CFO. In our algorithm, the despreading and CFO removal are jointly
performed by an efficient algorithm, which is then followed by the
conventional FFT-based OFDM demodulation conducted user by user.
Simulations show that this method has a superior performance which
is independent of CFO, even when CFO is very large.
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