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Abstract—In this paper, we propose a method to calculate
the throughput of multiple uncooperative cognitive radio users.
We use a bank of Markov models to derive the fraction of time
that each user spends in successful channel access. The mutual
interference among the users is modeled into the transitional
probabilities of the Markov models, which makes it tractable
to calculate multiple user throughput in large cognitive radio
networks (CRN). In addition, to evaluate the level of greenness
of the multiple user CRN, we develop a method to optimize
the ideal capacity of the fully cooperative CRN. This method
relies on solving the sum-of-ratios linear fractional programming
for optimization. Simulations are conducted to show the big
gap between the uncooperative CRN performance and the ideal
performance.

I. INTRODUCTION

With the rapid increase of wireless communication ser-
vices, wireless spectrum has become a scarce resource. The
requirement of high data rate and long lifetime makes power
efficiency of the communication system a critical factor. The
efficient use of spectrum and energy resources is thus one of
the major objectives for green wireless communications. Com-
munication systems with high (or optimal) bandwidth/power
efficiency contribute to a green wireless environment with less
interference and less “CO2” emission.

Green communications have attracted great interests during
recent years [1]. One of the potential technologies to support
green communications is the “cognitive radio network” (CRN)
[2][3]. CRN can adapt its use of spectrum and power according
to the environment. It can exploit the spectrum white spaces,
i.e., spectrum not used by the primary users (PU), without
creating detrimental interference to the environment. It can
adapt its transmission power according the interference level
of the environment. A green CRN is able to realize its com-
munication objectives with less spectrum and power resource
consumption.

As a unique feature, CRN conducts spectrum sensing
and accesses the spectrum that is not occupied by the PU.
It must vacate the spectrum if finding that the PU be-
comes active. There have been extensive research published
in CRN, including areas such as spectrum sensing, trans-
mission/modulation design, theoretical performance/capacity
analysis, MAC/Network layer protocols, hardware/testbed de-
velopment, security, etc. However, there have been very limited

study on the greenness analysis, especially for CRN with a
large number of uncooperative users. A typical research on
CRN may involve developing some spectrum sensing algo-
rithms and spectrum access strategies. But the performance
may be evaluated by simulations only due to the complexity
of the performance analysis of large distributed CRN [4]-[6].

In this paper, we develop a method to analyze the through-
put performance of CRN with multiple uncooperative sec-
ondary users. We use an innovative tool, i.e., Markov Model
Bank (MMB), to model the operation of multiple CRN users
and their mutual interference. Each user has its own sub-
Markov model, and the mutual interference among the sec-
ondary users is abstracted into the state transition probabilities.
This makes it tractable to treat the complex coupling among
all the users. Throughput of each user can thus be derived,
under various spectrum sensing and spectrum access strategies.
To simplify the presentation, we consider a generic spectrum
sensing and spectrum access strategy only in this paper.
Consideration of multiple strategies in heterogenous CRN will
be reported elsewhere, such as [7].

In order to evaluate the level of greenness of the CRN,
we need to study how far away the CRN performance (under
certain spectrum sensing and spectrum access strategies) is
from the ideal (or optimal) performance. More specifically,
the “greenness” in this paper is measured by what throughput
the CRN can achieve given the spectrum and energy resource,
compared with the ideal case. For this purpose, we further
develop a method to optimize the ideal capacity of the multi-
user CRN, under the fully cooperative assumption. We will
show that this can be realized by solving the sum-of-ratios
linear fractional programming problems. Note that the optimal
capacity of CRN has been a challenge, and has been studied
for small networks involving a few users only. For example, [8]
derived the optimal capacity under some special cases (such
as heavy mutual interference).

The organization of this paper is as follows. In Section
II, we give the system model. In Section III, we develop
the method to derive the throughput of the multiuser CRN.
Then in Section IV, we develop the method to calculate the
ideal capacity. Simulations are conducted in Section V to
compare the throughput of multiuser CRN to its ideal capacity.
Conclusions are given in Section VI.
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Fig. 1. An example of the CRN with N = 10 secondary users and one
primary user (PU).

II. SYSTEM MODEL

The CRN we consider in this paper consists of a set of N
secondary users and some primary users. Each secondary user
is a transmitting-receiving pair of nodes, where the transmitting
node transmits to the receiving node. The users are uniformly
distributed. We assume that the users are either fixed or slowly
moving, and conduct communications without the cooperation
from other users. While transmitting to the receiving node,
the transmitter creates interference to other users as well. An
example of the network is shown in Fig. 1.

We assume there are K channels (spectrum resource)
available for the N users to choose from. The channels may
be occupied by some PU with probability 1 − θk, where
k = 1, . . . , K . Each secondary user conducts spectrum sensing
to find all available channels [9], and then selects some
available channels randomly to conduct transmission.

For each secondary user, we consider a simplified cognitive
radio transmission model that includes three states: spectrum
sensing, data transmission and channel switching, as shown
in Fig. 2. The working sequence of a cognitive radio always
begins with the spectrum sensing. If the spectrum sensing
indicates the channel is available for secondary access, then
the cognitive radio transmits a data packet, and the model
shifts into the data transmission state. If the spectrum sensing
indicates the channel is not available (due to either the PU
activity or other secondary users activity), then the cognitive
radio conducts channel switching, and the model shifts into
the channel switching state. In order to simplify the analysis,
we assume that the model always shifts back to the spectrum
sensing state after the channel switching state or the data
transmission state, whether the two operations are successful
(without collisions) or not.

We can use a Markov Model Bank (MMB) to model the
competitive spectrum access among the N CRN users. The
MMB consists of a sub-Markov model for each user, as shown
in Fig. 3, where πsi,πdi,πci are the probabilities of the user
i staying in the channel sensing, data packet transmission
and channel switching modes. The transitional probability
qsi or qsj denotes the probability that the channel is sensed
as available. Although the two users’ sub-Markov models
look separated from each other, their transitional probabilities
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Fig. 2. Illustration of cognitive radio transmissions. Transmission structure
with three basic operation modes: channel sensing, data packet transmission,
and channel switching for each user i or j.
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Fig. 3. Markov Model Bank (MMB) for multi-user CRN. MMB consists
of a sub-Markov model for each user. Each sub-Markov model has three
state probabilities (corresponding to the three basic operation modes), and has
channel sensing result qsi as transitional probability.

and state probabilities are inter-related due to the mutual
interference.

For each user i, let the durations of the spectrum sensing
slot, data transmission slot, and channel switching slot be
Tsi, Tdi, and Tci, respectively. Usually the spectrum sensing
duration Tsi is much smaller than either Tdi or Tci for high
throughput.

In the spectrum sensing slot, we assume that if the signal
to noise ratio (SNR) is larger than the detection threshold Γs,
then the cognitive radio will make a decision that the channel
is occupied by primary users or other secondary users, and is
thus not available [9]. As long as the interference emitted to the
spectrum sensing slot makes the SNR larger than the sensing
threshold Γs, the cognitive radios must vacate the channel
and take the time-consuming channel switching procedure to
negotiate a new one. We assume that the cognitive radios
do not discriminate whether the interference comes from the
primary users or other secondary users.

Let P k
i be the transmission power of the user i spent in

channel k, where i = 1, · · · , N , and k = 1, · · · , K . Assume
the user i has maximum overall transmission power P̄i. Then
we have

0 ≤
K∑

k=1

P k
i ≤ P̄i. (1)

The signal received by the user i’s receiver in the channel k
is

yk
i (n) =

√
P k

i hiisi(n) +
N∑

j=1,j �=i

√
P k

j hjisj(n) + vk
i (n) (2)

where the si(n) is the discrete signal transmitted by the user
i, hji is the complex Gaussian distributed flat fading channel
from the user j’s transmitter to the user i’s receiver, and



vk
i (n) is the AWGN with zero-mean and power σk2

i . The
instantaneous SNR of the user i in the channel k is thus

γk
i =

P k
i |hii|2∑N

j=1,j �=i P k
j |hji|2 + σk2

i

(3)

As the performance metric, we consider the summation of
the throughput Ri of all the N secondary users

R =
N∑

i=1

Ri. (4)

Each Ri can be calculated from the probabilities of the three
states in Fig. 3 and the corresponding slot lengths, as well
as the transmission channel capacities based on the SNR, i.e.,
log(1+γk

i ). Only the data transmission state is counted toward
the throughput. Due to the ideal spectrum sensing assumption,
we can omit the data packet collisions in this paper.

III. CRN THROUGHPUT ANALYSIS

Consider the CRN with a generic spectrum access strategy,
i.e., picking randomly only one available channel to access at
each time. Then we can skip the channel index k. Note that
the spectrum sensing still covers all the K channels. Consider
the user i’s sub-Markov model in Fig. 3. There is only one
unknown state transitional probability qsi. According to the
steady state property of the Markov model, we can calculate
the probabilities of the three states πsi, πdi and πci by solving
the following equation[ −1 1 1

qsi −1 0
1 − qsi 0 −1

] [
πsi

πdi

πci

]
=

[ 0
0
0

]
. (5)

This equation has infinitely many solutions. From (5), we can
represent πdi and πci by πsi, i.e.,

πdi = qsiπsi, πci = (1 − qsi)πsi. (6)

To simplify expressions, without loss of generality, we assume
that Tdi = Tci. This is reasonable considering the fact that
most of the time the secondary user just needs to wait for one
regular data transmission slot before doing channel sensing
again. Then the fraction of time that the user i spends in data
transmission session has a simple expression qsiTdi

Tsi+Tdi
, which

is also the probability of data packet transmission.

In order to find the state transmission probability qsi, we
consider the spectrum sensing slot of the secondary user i.
For the kth channel, the user i senses the SNR as γsi. The
transitional probability

qsi = P [γsi < Γs]θ (7)

The SNR

γsi =
Ii

σ2
si

(8)

where σ2
si is the noise power at the user i’s sensing receiver

(in channel k). The Ii denotes the overall interference received
from all other secondary users [10]. Let the set Si denote
all the other secondary users that are using the kth channel
simultaneously. Since each secondary user j’s probability of

being in the data transmission slot is qsjTdj/(Tsj + Tdj), we
have

Ii =
∑
j∈Si

qsj
Tdj

Tsj + Tdj
Pj |hji|2. (9)

With the state probabilities, we can define the average
throughput of the user i as

Ri =
πdiTdi

πsiTsi + πdiTdi + πciTci
log(1 + γi), (10)

where γi is the data transmission slot SNR, as per (3).

From the probability of the user i staying in the data
transmission slot, the throughput (10) can be changed to

Ri = qsi
Tdi

Tsi + Tdi
log(1 + γi) (11)

= P

⎡
⎣∑

j∈Si

qsjTdj

Tsj + Tdj

Pj |hji|2
σ2

si

< Γs

⎤
⎦ θTdi log(1 + γi)

Tsi + Tdi

In the throughput expression (11), the random variables are
the channel coefficients hji. In order to evaluate the Ri, we
define new random variables

xji = qsj
Tdj

Tsj + Tdj

Pj

σ2
si

|hji|2 (12)

Obviously, each variable xji has exponential distribution with
mean

E[xji] = qsj
Tdj

Tsj + Tdj

Pj

σ2
si

(13)

The summation of the multiple exponential distributions gives
a new random variable

xi =
∑
j∈Si

xji (14)

which has Hypo-exponential distribution.

According to the cumulative distribution function of the
Hypo-exponential random variables [11], we have

P [xi < Γs] = 1 − aexiB1, (15)

where 1 is a column vector with all elements being 1, a and
B are vector and matrix whose dimensions are the number
of secondary users using the channel k. As a result, we can
numerically evaluate the throughput Ri.

To evaluate (15) and (11) is actually to calculate all
transitional probabilities qsi. From (7), Obviously qsi is a
function of all other qsj , j = 1, · · · , N . Many non-linear
numerical algorithms can be used to find some solutions to
qsi. Note that it is not necessary to find all the solutions or the
globally optimal solutions.

As an example, let us consider a simple case with two
secondary users only, i.e., N = 2. In this case, the complex
Hypo-exponential distribution will be reduced to the simple
exponential distribution, which gives us more clear idea of the
throughput calculation.



Consider the user i, where i = 1 or 2. We use j = 3− i to
denote the other secondary user. The transitional probability is

qsi = P [γsi < Γs]θ

= P [qsj
Tdj

Tsj + Tdj

Pj

σ2
si

|hji|2 < Γs]θ

= P [|hji|2 <
Γsσ

2
si

qsjPj

Tsj + Tdj

Tdj
]θ

= [1 − e
−Γsσ2

si
qsj Pj

Tsj+Tdj
Tdj ]θ (16)

Note that we have used the fact that |hji|2 is an exponential
random variable. For the two secondary users, we have the
following equation array to solve their transitional probabilities{

qsi = (1 − e−aj/qsj )θ
qsj = (1 − e−ai/qsi)θ

(17)

where ai = Γsσ2
si

Pj

Tsj+Tdj

Tdj
and similarly for aj . Therefore,

the values of the two state transitional probabilities can be
evaluated numerically. As a matter of fact, our simulation
shows that we can simply solve them iteratively based on the
form of (17).

In summary, the MMB model we developed in this paper
simplifies the mutual interference among all the N users
into the set of transitional probabilities. By increasing the
complexity of the transitional probabilities, the complexity of
the Markov model is much reduced, which makes it feasible
to deal with large CRN with many users.

IV. IDEAL FULLY-COOPERATIVE CAPACITY ANALYSIS

The derivation in the Section III is based on the assumption
that the secondary users do not cooperative with each other
for channel scheduling, which may degrade the throughput
severely. In order to find how far away it is from the best possi-
ble results, in this section we derive the optimized throughput
of the secondary users in the ideal fully-cooperative CRN.

From the system model in Section II, recall the definition
of P k

i as the transmission power of the user i in the channel
k, where i = 1, · · · , N , and k = 1, · · · , K . Recall also that
θk is the probability that the channel k is not occupied by the
PU. Considering the PU activity, not all channels are available
simultaneously.

Since each user may use multiple available channels simul-
taneously, we need to consider a set of any Lm channels

Cm = {k1, · · · , kLm}. (18)

The probability that only channels in Cm are available is

P [Cm] =
Lm∏
�=1

θk�

K∏
k=1,k �∈Cm

(1 − θk). (19)

We have altogether 2K such sets, i.e., m = 1, · · · , 2K . There-
fore, for optimal throughput evaluation, we need to consider
all possible sets, and find the average capacity.

For the ideal (optimized) throughput in each set Cm, we
can choose appropriate transmission power P k

i to maximize

the sum of the SNRs of all the N users, i.e.,

f(Cm) = max
{P k

i
}

N∑
i=1

Lm∑
�=1

γk�
i (20)

s.t.
Lm∑
�=1

P k�

i ≤ P̄i, P k�

i ≥ 0, 1 ≤ i ≤ N

Note that P k
i = 0 for all k �∈ Cm.

Define the transmission power vector

zm =

[
P k1

1

P̄1
,
P k2

1

P̄1
, · · · ,

P
kLm

N

P̄N

]T

. (21)

We can rewrite (20) into

f(Cm) = maxzm

N∑
i=1

Lm∑
�=1

aT
i�zm

bT
i�zm + 1

(22)

s.t. Azm ≤ 1, zm ≥ 0.

The vectors

ai� = [· · · · · · , |hii|2, · · · · · · ]T P̄i

σ2
si

, (23)

has the channel coefficients |hii|2 in a position corresponding
to the transmission power P k�

i /P̄i in zm. The vector

bi� = [· · · · · · ,
|hji|2P̄j

σ2
si

, · · · · · · ] (24)

consists of channel gains of the interference items. The N ×
NLm matrix A has the structure

A =

⎡
⎢⎣

1T

. . .
1T

⎤
⎥⎦ . (25)

where 1 is the Lm dimensional vector with all entries as 1.

After obtaining the optimal transmission powers and the
optimal SNRs by solving (22), we can then calculate the ideal
capacity of the CRN. Specifically, for each available channel
set Cm, the user i gains capacity

Ri(Cm) =
Lm∑
�=1

Rk�

i , (26)

where
Rk�

i = log(1 + γk�

i ). (27)

The overall capacity of the user i is thus

Ri =
2K∑

m=1

Ri(Cm)P [Cm]. (28)

By maximizing (22), we can maximize the capacity for all
the secondary users. Note that (22) is in the form of sum-of-
ratios linear fractional programming (LFP). Sum-of-ratios LFP
has been found in many applications, which stimulated decades
of research. Although the problem in the general setting (with
arbitrarily large number of ratios, number of variables, as well
as number of constraints) may still be challenging and deserve
more investigation, there are many sophisticated algorithms
that can be used to solve the special case in our setting, such
as those in [12]-[16].
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Fig. 5. CRN throughput and the ideal capacity as functions of the offered
load (i.e., the probability that each user has data packet to transmit).

V. SIMULATIONS

In this section, we report our simulation of the numerical
evaluation of the uncooperative CRN throughput as well as
the ideal CRN capacity. We simulated a random CRN of
N = 2 secondary users competing for accessing 1 channel.
The nodes’ positions were randomly generated within a square
of 1000 × 1000 meters. The edge SNRs were calculated as
108d−2.6

ij where dij is the propagation distance.

First, we use the expressions in Section III to calculate
the throughput of the uncooperative CRN users and use the
expressions in Section IV to optimize the ideal capacity of
the CRN users, under various (normalized) secondary user
transmission powers P̄i. Simulation results were shown in Fig.
4. It can be clearly seen that the uncooperative CRN can
achieve just 1/2 of the optimized ideal capacity. Therefore,
there are still much room to improve the greenness of the
CRN.

Then, we calculate the CRN throughput and the ideal
capacity under various offered load, where “offered load”
refers to the probability that each secondary user has data
packet to transmit at any time. Simulation results in Fig. 5
shows that the CRN throughput improves with offered load,
until reaching a saturation point (which is because we have
assumed almost perfect collision resolution). For green CRN,
under light CRN user traffic load, much more users can be
allowed to share each channel.

VI. CONCLUSION

In this paper, we study the greenness of the CRN with a
special setting of N uncooperative users. We first develop a
method to calculate the throughput of each CRN user. We use a
Markov Model Bank (MMB) to model the N users’ spectrum
sensing, channel access, and channel switching procedure, as
well as the mutual interference. Then we develop a method to
optimize the ideal capacity under the ideal fully-cooperative
assumption. We use the sum-of-ratios linear fractional pro-
gramming for the optimization. Simulations are then conducted
to show that the throughput of the uncooperative CRN is very
far away from the ideal capacity.
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