Polyphase Structure of Filter

Note: “Polyphase Filters” is often incorrectly
taken to mean some special kind of filter...
Instead, it is merely a special structure that is
handy when using filters in multirate settings
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Polyphase Filters

Polyphase is a way of doing sampling-rate conversion that leads
to very efficient implementations.

But more than that, it leads to very general viewpoints that are
useful in building filter banks.

Before we delve into the math we can see a lot just by looking at
the structure of the filtering....

......... Of course, we WILL need to do the math, too, though.
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Efficient FIR Filtering for Decimation
Filtering : R[] =Y x[i] h[n—i]

Decimation: X ,,,,[n]= X[nM]

= > x[il h[nM —i]
i=0 1 2 3 4 5 6 7 8 9 10 11 M = 3
X[i] * % *k * * *k *k * * Kk *x *
h[3 -] 3= T 5 T - I > >A<[3]—>>“<(¢3)[1]
h[5-1] o O O O > Compute
h[6 - i] = T 3 T - T > )A([G]_>)“((¢3)[2]
h[7 -]
oo Qg — Don’t

h[8 - i] o000 — Compute
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Efficient FIR Filtering for Decimation

M=3
i=o0 1 2 3 4 5 6 7 8 9 10 11 12
x[i] =/ x[0] [x[11] xr21| (31! [x[41] [x(51!(x[61] k(71| %81 (x[91 [x20lx[11] X[12]
h[6 — i] o A0 O |Y | U ™ X 19[2]
h[9 - i] O A O O @ U = X5 [3]
hitz =11 S A O O @ UrXul

.. _ h[0] h[1] h[2] h[3] h[4] h[5]
Original Filter...w ® O 0O A o.. . gets split into M=3 subfilters:

Polyphase Form of FIR Decimation

.. X[1] x[4] x[7] x[10] ...
®

h[2] h[6]
o o

>§ o x[2] X[5] x[8] x[11] ..{h[1] h[4]

... X[3] x[6] x[9] x[12] ...
°

¥ A

h[0] h[3]

/LUEI

|: Advantage: “Decimate” then Filter |

B

1 )A((¢3)[2] )2(¢3)[3]...
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Inefficient | Direct Form of FIR Decimation

X[0] X[1] X[2] ... | h[0] h[1] h[2] h[3] h[4] h[5] 1 Xugl0l XyaMl...
— v oo Oao — v3 —

Outputs
are the
Same

Efficient| Polyphase Form of FIR Decimation

0 x[1] x[4] x[7] ... [h[2] h[6]

® @) I " -
1 X 0] X 1
0 OXOIAXE] >( 0 (2] X[5] x(8] ... |n{1] {4 (alo Xuglt...
® A

h[0] h[3]
v O

X[0] x[3] x[6] x[9] ...
°
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Example of Polyphase Filters for Decimation

Consider Length-10 Filter w/ M=4
3
h[i]: h[0] h[1] h[2] h[3] h[4] h[5] h[6] h[7] h[8] h[9] O

i 0

Length of Polyphase Filters: ceil{length/M} = ceil{10/4} = 3

1

5

I 0 1 2
Poll']: h[O] h[4] h[8]
p.[']: h[1] h[5] h[9]
p[I']: h[2] h[6] 0
ps[i']: h[3] h[7] 0
Xo[n]:  X[O] X[4] X[8]
X, [n]:  x[-1] X[3] X[7]
X,[n]:  X[-2] X[2] X[6]
xnl: x[-3]  x[1] X[3]

7

X[12]
X[11]
X[10]
X[9]

8 9

X[16]
X[15]
x[14]
X[13]

10 11 12
0 O0...

6/39



Example of Polyphase Filters for Decimation (pt. 2)
Matlab Code

% Create input signal and filter Pad zeros to make length equal to
x=1:21: integer multiple of M

h=[1234567891000];

% %%%%%% Direct Form (Inefficient) %%%%%%
y=filter(h,1,x); % Compute filter output
y dec=y(1:4:end) % Throw away unneeded output samples

% %%%%%% Polyphase Form (Efficient) 2%0%%%%%
% Select polyphase filters
p0=nh(1:4:end)
pl=h(2:4:end)
p2=h(3:4:end)
p3=h(4:4:end)

% Select polyphase signals
X0=x(1:4:end)
x1=[0 x(4:4:end)]
x2=[0 x(3:4:end)]
x3=[0 x(2:4:end)]
% filter each polyphase component and add together
y_poly_dec=filter(p0,1,x0)+filter(pl,1,x1)+filter(p2,1,x2)+filter(p3,1,x3) 7/39

Put a zero in front to provide the
X[-3], X[-2], and Xx[-1] terms




Efficient FIR Filtering for Interpolation

Interpolation :

=0

X1glil = X[O0]

h[6 - i]
h[7 - i]
h[8 - i]
h[9 - i]

h[10 - i]
h[10 - i]

.--\
*
*
*
*
-
.

R[] =X, i hin = i]

Y Y Y
4 5|6 |7 8 9 |10 11 _
L=3
0 0 x[2]|]0 0 |x[3]0 O
U > )2(1*3) 6
O V U > )2(1*3) 8
O O ¢ |U > )2(?3) 9.
>3 A O O0|Q U > X13[10]
2 A OO0V U | — Xyl
- )  — —
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Efficient FIR Filtering for Interpolation

Interpolation : Xy [n]= D x[i] h[n - Li]
i=0 1 2 3 | =13
x[i] = x[0] x[1] x[2] X[3]
H v > Xrq[6!
A 9 . Xagl.
@ O > X1y[8
D v IR E
A 9 . Xiry[l0]
@ O > Xyl
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Efficient FIR Filtering for Interpolation

Original Filter...
h[0] h[1] h[2] h[3] h[4] h[5] L
U9 e O A®

1
w

... gets split into L = 3 subfilters:

Polyphase Form of FIR Interpolation
> h[0] h[3]_ X(T3)[6] X(Ts) [9] A

v ar . 3 ®
Xam[ 7] Xra[10] ...
AT .. X971 X19[10] .7<

h[2] h[5] o Xap[8] Xyl .
O I

X[0] x[1] x[2] X[3] ...

The input goes
Into each subfilter

>

The output comes from
alternating between the
subfilter outputs

(
Advantage
Filter then

‘;Interpolate
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Multirate Identities — “The Noble Identities”

These provide analysis “tricks” useful when dealing with
mathematical analysis of multirate systems.

The question in general is: How can we interchange the order of
filtering w/ decimation/expansion?

Decimation ldentity

This identity asserts equality between the following 2 systems:

Xﬂ. IM H(z) _Y[P]
| |
Xﬂ» Hy(zM)—{ {M _y[P]

Can prove this either in the Time-Domain or Z-Domain
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TD Proof of Decimation ldentity

For the first system:

w[n] = x[nM]

Xﬂ. IM

H*(2)

y[n]

——

y[n]=win]*h[n]= > hklwln —K]
K

= > h[KIX[(n - k)M]
Kk

For the second system:

v[n]

G0 = e

L g[n] — h(TM)[n]

0,

y[n]

b-i,M—»

/f

- {h[n/M], if n/M = integer

otherwise

LB

y Eq. (12.15)]

(%)
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TD Proof of Decimation Identity (cont.)
hus...
TSy ny = xp]* gIn] = 3 glIXn — 1]
|

= Y h[k]x[n —kM] %se (%)
Kk

Then...
y[n]=v[nM]
= > h[kIX[(n-k)M]
K

Same as for System #1 =» Proved!!!
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ZD Proof of Decimation Identity

For the second system:

X#(2) Vi(z) Y4(2)
—{G(2) = H(@") [—{ M [ —
where... VZi(z)=X%(2)H (M) (k%)
But... YZ(Z)={VZ(Z)}(¢M) — By ZT Result
V1 for Decimation
:i ZVZ(ZUMWMm) — Use (**)

o o

1 M _ _
_ V ZX Z(leMWMm)H Z((leMWMm)M )
m=0
N
Now... (ZMwgMM = 2wy,™ =2 \)
%/—/

el27r 4 14/39



ZD Proof of Decimation Identity (cont.)

Z _iM_l Z 51/ Myp;—m 4
Y% (z) = v > XE M WyMH(2)

m=0

Uz (R 1/ M
=H (Z){M ZX (z7 "Wy )}

m=0

- H @)X @y

Which is clearly the same thing that the first system gives:

XZ(Z) {XZ(Z)}(\LM) YZ(Z):HZ(Z){XZ(Z)}(¢M)
—{ M H(2) —
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Expansion ldentity

This identity asserts equality between the following 2 systems:

w[n]

) g ey
||
v[n]

L0 v Mk e

Will give only Z-Domain proof here.
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ZD Proof of Expansion Identity

First system gives:

Second system gives:

Then...

S e

w[n]

y[n]

" —

W*(z) = X*(2)H"(2)
Then...  Y#(2) =W, (2)=W?(z")

= X*(z)H*(z")

v[n]

Xﬂ. L

vz(z):x(ZTL)(z)zxZ(zL)

il

VH(2) =V (H (") /
= X*(z))H*(z")

Samel
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Polyphase Representation of Decimation
Now we re-visit this topic and do it mathematically...

Basic Math Idea: Re-write convolution sum’s index & manipulate
to get “parallel” filters:

X[Nn]

N
Recall Decimation: y[n]

H(z) — I M

Output given by (12.17) as... Y[n] :Zh[i]x[nl\/l —1]  (xxx)

Write sum’s index in “block form” —a common “trick’:

I" = Integer
0<m<M -1 M = Block Size

1=1'M +m

A

Counts Blocks | [ Counts Samples Inside a Block
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Polyphase Rep of Dec (cont.)

Block-Based Indexing:

I = Integer
0<m<M -1

1=1'M +m

m Forward
i\ 0 1 2 Indexing]
-1 -M -M+1 —2 —1 [Eachrowis

0 0 1 2 el M -1 indexed forward

1| M M+l M+2 - 2M-1

2

2M 2M+1 2M+2 - 3M -1
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Polyphase Rep of Dec (cont.)

Use Block Indexing in (% % %): "+ Sum up inside
- - each block
y[n]= > h[ilx[nM —i] - Sum up all
| Block Results
M -1 />/ ~
= > Y h[i'M + m]x[nM —i'M —m]
1" m=0 (n—i’irM —m

M-1
= Y Y h[I'M+mX[(n—-i)M —m]  (kKkKk*)
m:O( )
Y

Sum all elements In
the mt" position of
each block
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Polyphase Rep of Dec (cont.)

Now, let’s interpret this:

Define foreachm, 0 < m<M-1

Pm[1']1=h[I'M +m] m" Polyphase

Example n: 0 1

h[n: 1.2 4

|

Component of h[n]

2 3 4 5 6
05 7 1 1.7 2 0 0...

Pol
g1y
P, I

i1={1.2, 7, 2}
i1={4, 1, 0}
i1={0.5, 1.7, 0O}

Each one Is a decimated version of h[n]
& the versions are staggered

< See Fig. 12.15 on next page> 21/39




‘ Fig. 12.15 from Porat’s Book

Alnl

1 :f" n

Polil

mlil

0 ! i 8 i

r":'gl-'.l

R

R

0

Figure 12.15 The polyphase components of an FIR filter, illustrated for N = 26 and M = 3.
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Polyphase Rep of Dec (cont.)

What have we done?
Split up h[n] into M subsequences — where the m®

subsequence is a decimated-by-M version of h[n + m]

Why the name “Polyphase?
Recall: Time-Shift in TD < Phase-Shift in FD

h[n+m]<—>ej‘9me(6’)

=> “Polyphase” )
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Polyphase Rep of Dec (cont.)

Now... let’s chop up the input similarly:

Un[n]=X[nM —m]

m Backward
\ 0 1 2 M -1 Indexing

n
Differs From Before:
-1 |- M -M-1 —2M +1 Each row is indexed
backward
0 0 -1 -2 -M +1
1 M M-1 M-=-2 1
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Polyphase Rep of Dec (cont.)

Now... back to the mathematical development.
Putting these re-indexed versions into (% % % %):

M -1
y[nl= > Y h[i'™M +m]x[(n —i"M —m]

m=0 i’
Pm[I']=h[I'M +m]
Uy [n]=X[NM —m]

M -1[ |

Nl = i, u n— i,
y[n] Z P [ JUm ] To Implement Polyphase Decimation
m=0[ I < | « Chop up filter into M sub-filters
1

M — « Chop up signal into M sub-signals
(o *Unlin] <

* Filter each sub-signal w/ a sub-filter
» Add outputs point-by-point
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Polyphase Rep of Dec (cont.)

Two equivalent ways to think of this:
First Way (shown for M=3):

uyln]

x[n] I - |3 =~ P§(z)
D
Note that |
i ) u,[n]
Decimation occurs 13 - P7(2)
Before Filtering —
Efficient!!! =

u,[nj

1 3 — P3(z) ==+ )—= vln]

<This Is Fig. 12.16 from Porat’s Book>
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Polyphase Rep of Dec (cont.)

Second Way to View It (shown for M=3):

n==0.,3.6,...

-~ P{{{Z)

'{.‘h‘ ”:—1‘2.5. .
x[n] 1 © " P .
n=-2,1.4,... _
- P3(z) vinl

<This is Fig. 12.17 from Porat’s Book>
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Polyphase Rep of Dec (cont.)

Now we re-analyze this set-up, but in the Z-Domain....
Why? ....It provides further analysis insight.

Z-Domain results often provide insight into how to:
e Derive other results
* Design Polyphase Filters
* Etc.
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Polyphase Rep of Dec (cont.)

First.... some time-domain trickery:

How do we get back h[n] from the p_[n]???
1. Insert M-1 zeros between each sample

2. “Line them up” using delays
3. Addthem up

Recall Example:
poli'1={L.2, 7, 2}

pli1={4, 1 0} |=[{ 4 0 0O
poli1={0.5, 1.7, 0}

1.2, 0, 0

7,
1,

0, 0, 2, 0, 0}
0, 0, 0, 0, O}
{05 0, 0, 1.7, 0, 0, 0, 0, O}

{12, 0,, 0, 7, 0, 0, 2 0 0}
{0 4 0 0 1 0 0 0 O}
{0 0 05 0 0 17, 0, 0, 0}
h[n]={L.2, 4, 05 7, 1, 17, 2, 0, O}

7
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Polyphase Rep of Dec (cont.)

Thus....

M -1
h[nl= > {pn
m=0

(T™)

Hn—m]

So....In Z-Domain we ha\/e'}elay]/rExpandj

H%(z)= Zz mpz (M)

Now... filter/decimate looks like this:

V(z)

X42)

—

H*(2)

C

1 LM

Y¥(2)

—

V*(z)= X*(2)H"(2)

M-1
= 22 "R (2")X*(2)
m=0
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Polyphase Rep of Dec (cont.)

... and after LM we get: X(2) VZ(z) Y(2)
Z Z — H¥(2) IM —
Y(2) =V (D} m)

M -1

= YRR "X (@D} Bythe
o . g “Decimation

=P ({2 X (D} ) / Identity”

M -1 —

= Y PE@Z "X (D} s
Sw | Polyphase
M _1 Components

= > Pa(2Un(2)
m=0

....which is the Z-Domain Description of the polyphase decimation
structure. We have now developed two different derivations of the
polyphase structure.
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Polyphase Rep of Expansion

Recall Expansion: x[n] y[n]

TL H(2)

Output given by (12.19) as...  Y[n]= Zx[i]h[n — Li]

Re-Index using: n=n'L+(L-1)-1I

J

n" Integer
0<I<L-1

"backwards"

n’ = Block Index
| = In-Block Index (indexes backward through block)
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Polyphase Rep of Exp (cont.)

n" integer
0<I<L-1

n=nL+(L-1) -1

"backwards"

-1 -1 —2 —L
O |L-1 L-2 L-3 .- O
1 (2L-1 2L-2 2L-3 - L

2 |3L-1 3L-2 3L-3 -+ 2L

Expansion
Re-Index
Table
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Polyphase Rep of Exp (cont.)

Using this re-indexing gives...

y[n] = Zx[i]h[n — L]

yIn'L+(L-1)-1]= Zx[l]h[nL+(L 1) -1 - Li]

n

- Zx[l]h[(n —|)L+(L 1) -1]

For each | such that 0 < | <L -1 we define:

qi[n”
vi[n’]

—h[n'L +(L-1)—1]

i1} = Wl=tcadnT

.. for each I, this indexing just reads down a
column of the “Expansion Re-Index Table”
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Polyphase Rep of Exp (cont.)

To see this indexing structure, look at an example with L = 3:

voln] vaInT  vpIn]
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Polyphase Rep of Exp (cont.)

Now... how do we get y[n] from the v,’s??

If we Interpolate each v, sequence we get (L = 3)....

y[-3] 0 0 y[0] O O y[3] O O y[6]
yl=2] 0 0 y[i] 0 0 y[4] 0 O y[7]

Now delay these interpolated sequences...

. y[-3] O 0 y[l0] 0 0 y[B 0 0
0 y[-2] O O y[A] 0 0 y[4] O
0 O y[-1] 0 0 y[2] 0 0 y[9]

yl-1] 0 0 y[2] 0 0 y[5] 0 0 y[8

0 0

0 0

0 0

yle] 0 O
0 y[7] O

- y[=381 yI=2] yI=1] yIol vl yi2] yIs] yl4l ISl vyIel vl/1 yI8] --

To get y[n]: add up the delayed, interpolated components!!
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Polyphase Rep of Exp (cont.)

From this we see that we can write...

L-1
yinl= Y v}y n-(L-D+11  Recall: vi[nT={x*q}n’
=0

This leads to the following polyphase implementation for expansion:

x[n] —¢—

Voln]

¥

vyl[n]

T3

¥

Q3(z)

vo[n]

T3

¥

T3

Note: Expansion
Occurs After

Filtering — Efficient!!
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Polyphase Rep of Exp (cont.)

An equivalent alternate form of this processing is...

n=2,508,...
x[n]

9
L
'
e
-]
p—
r-1
e
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Briefly... to change the rate by rational factor of L/M

Decimate

which is equivalent to...

X[n]

TL

h[n]

o{ ¢M

- yIn]

Q: How to implement this efficiently using polyphase ideas?
If interested: see Ch.3 of Oppenheim & Lim (on reserve)
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