Decimation & Expansion
(Frequency Domain View)

Need to look at:
— Z- Transform
— DTFT
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M-Fold Decimation — Frequency-Domain

Notation: [{z« ) = X2\ (2) ={X?(2)} e Similar for DTFT
e GO CM] .« Similar for Expansion

Q: What is X, (2) In terms of X(z)???
What do we expect????1111
Lower F, causes Spectral Replicas to Move to Lower Frequencies
Should look exactly like sampling at a lower F
Thus... Increased aliasing is possible!!!
To answer this we need to define a useful function (*comb” function):

o0 M -1 A 127/ M
emlnl= Y 5[0 -kM]=snmodM]=— 3w W, =e’
k=—00 M m=0
Call this (*)...
' 1 f Co(m) This is like a DT
—o oo | o o o — o » Fourier Series and is
-6 -3 0 3 6 m easily verified!

_/
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M-Fold Decimation — Frequency-Domain (cont.)

Now... use the comb function to write decimation:

Ximy[n]=x[nM] Doesn’t Really Do

B Anything Here...
= X[nMJey [nM But Later it Will!!

Now... take Z-Transform, using this form:

X(Z\LM)(Z): ZX[nM]CM [nM]Z_n = Zx[n]CM [n]z—n/M
N=—o0 N——o0
---+X[O]ZO+X[Mi;_1+X[2M ]22_'_”_ "'+X[O]ZO+O+"-4I)+X[M ]z_1+0+.“

Now... take Z-Transform, using this form:

Action of CM[n]j

o0

X Z 1 f mn |,—-n/M
Ay (@) = > X[n]szzowM z

N=—o0
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M-Fold Decimation — Frequency-Domain (cont.)

Now... just manipulate:
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M-Fold Decimation — Frequency-Domain (cont.)

Now to see a little better what this says... convert ZT to DTFT.
Recall: DTFT is the ZT evaluated on the unit circle:

1/ M :eJH/M

7=pl0 — 7

Also, by definition: Wy™ = g—i2zm/M

Then we get.... | DTFT of Decimated Signal is...

f
X(im)

Stretches
Spectrum

1. Axis-Scale X'(0) to get X(6/M) — a stretch
2. Then shift by 2nm to get new replicas
=» Decimation Adds Spectral Replicas of Scaled DTFT
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Example: DTFT for I\/I-Fold Decimation |m = 3]

Xf(e)
ANANS /\ ANVANVANS

7c87c771:67c5 4n37t27c7c[ Xn2n3n47c7c67t77c87t9n
+7/3

97: 87c 771: 6TC 571: 4n 371: 27c -TC 27c 37‘C 47c 57c 67‘C 77c 87t 9n6
Xf((G-Zn)IB)T m=1

[ [ [ I [ | [ 1 [ [ [ | [ 1 v
-9 -8t -/m -6m -5m -4w,-3m -2nm -« 6 n 2n\3nm 4m 5m 6rn 7n 8m. 9w O
\\ \\xf((e-4n)/3)T — \\ \\

O -8t -/m -6m -5n -4n -3m -2 -. 6 n 2n 3n 4nm S5m 6m 7m 8w 9w O
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Example: Continued Im=3]

X'(0/3)4_(m =0

[ [ |

| >
-9 -8n -7/m -6m -5r -47c -37: -27: -TC T 275 37t 47: 50 6n 7n 8m 9m O

Xf((O-Zn)IS)T m=1].

' \ 7’ N
A 7/ N

' '
| I | le | d I | I/ | al | | | le | \]|

[ [ [ [ | [ [ | [ [ [ | [
-9 -8t -/m -6m -5m -4n -3m -2n -« 6 n 2n 3nm 4m 5m 6m 7m 8m 9w O

v

XT((0-4m)/3)

Tmzz

On -8n -7Tm -6m -5 -4n -3n -2n -w 6 n 2n 3nm 4m 5m 6m 7nm 8m 9w O

f 2 M x DTFT of j
MX (4m)(0) Decimated Signal

-~ -~ -~
7 N 7 N 7 N
e \ e \ e \
' \ ' \ ' \
| | | V4 | 9 | | ) | I y I \i

v

v

[ [ [ [ | [ | 1 [ | [ |
-9 -8t -7m -6m -5m -4 -3mw -2nm -« 6 n 2n 3n 4m 5m 6m 7m 8m 9w O

Y
No Aliasing!!!
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Example: Insights

1. The M-decimated signal will have no aliasing... only if
the signal being decimated has: X (9)=0 for |8]>7z/M

This makes complete sense from an
“ordinary” sampling theorem view point!!!

Such a signal is called
an “Mt-Band Signal”

2. After M-decimating an M™-band signal, the spectrum of
the decimated signal will fill the [-=, =] band.
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Effect on “Physical” Frequency

Although decimation changes the digital frequency of the
signal, the corresponding “physical” frequency is not
changed... as the following example shows:

x[n] Xzl
— |3 3 4 Note A
Fs,=60 MSPS Fs,= 60/3 Expansion
=20 MSPS Also Has
No Effect
Xf(G)/T\ Xw% on Physical
I | ., | | . kFrequency/
10w 0 -t 0 w ©
———t | —
R0 R B0 Ry
2 1 12 2 2
10 10 -10 10
MHzMHz MHz MHz

Signal Still Occupies Same Physical Frequency o/12




| -Fold Expansion — Frequency-Domain

Q: What is X1)(2) In terms of X(z)?7?
What do we expect????!1111
Certainly NOT the same as really sampling at a higher rate
because of the inserted zeros!!!

Frequency Domain analysis answers this!!!

Xiry@= 2 xaylnlz™

N=—o0
= ot X[0]2% + 0+ 0+ X[1]z 7 + 0+ + 0+ x[2]2 72
L—léeros L—lvzeros
N=—o0

ZT of Expanded Signal is...

x(zm(z):xz(zL)
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-Fold Expansion — Frequency-Domain (cont.)

Now to see a little better what this says... convert ZT to DTFT.
Recall: DTFT is the ZT evaluated on the unit circle:

z=el? = zb=¢l?

DTFT of Decimated Signal Is...

f VA | Scrunches
‘ X(T L) (€)= X (Lﬁll\e ( Spectrum]
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Example: DTFT for L-Fold Expansion [L=3]

)

v

0 ' | on

T T T 27

— J —
—
\ Xf(LH)/

v

T 1-75/36 /3 1 TIE 27 3n
Expansion Causes Images
to Appear In the [-w,t] Range
Here’s what we’d have if we REALLY sampled
3 times as fast... No Images!!!
-3n -IZTE -Irc _n/36 /3 Tlc 2|n 3 '6

12/12



	Decimation & Expansion �(Frequency Domain View)�
	M-Fold Decimation – Frequency-Domain
	M-Fold Decimation – Frequency-Domain (cont.)
	M-Fold Decimation – Frequency-Domain (cont.)
	M-Fold Decimation – Frequency-Domain (cont.)
	Example: DTFT for M-Fold Decimation 
	Example: Continued
	Example: Insights
	Effect on “Physical” Frequency
	L-Fold Expansion – Frequency-Domain
	L-Fold Expansion – Frequency-Domain (cont.)
	Example: DTFT for L-Fold Expansion

