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Course Flow Diagram

The arrows here show conceptual flow between ideas. Note the parallel structure between
the pink blocks (C-T Freq. Analysis) and the blue blocks (D-T Freq. Analysis).
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Sect 4.1 continued: The Detalls

Define the DTFT: = :
efine the X (Q) = Z [
/{;7/ N=—00

| Inrad/ sampleﬁ

L radians

Compare to CTFT: X%)) = f; x(t)e 1 dt

\ In rad/sec % E?dia/nsH

Very similar structure... so we should expect similar properties!!!
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Example of Analytically Computing the DTFT

\With your brain, r
not a computer

0, n<0
X[n]=<a", 0<n<q
L 4

e 0, n>
456 L a
3
If \a\<1, X[n] decays

If \a\ >1, X[n] "explodes"

If a<0, X[n] oscillates

Given this signal model, find the DTFT.

o0

By definition: X(Q)= ) x[n]e™*" Za e i — Z(ae 1y

N=—o0

General Form for

1 (a _jo )q+1 Geometric Sum:
X Q — o) a qy+1
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Characteristics of DTFT

1.Periodicity of X(€2)

X(€2) 1s a periodic function of €2 with period of 2n
= X(Q+271)=X(Q) [ Recall pictures in notes of “DTFT Intro™: ]

Note: the CTFT does not

=|X(Q)| is periodic with period 27 have this property

ZX(Q) 1s periodic with period 21

2. X(Q)) 1s complex valued (in general)

X(Q)= Z X[n]e_jm complex
\

n

Usually think of X(€2) in polar form:

£X(Q)
X(Q) = |X (Q)[e 2 hase [ Same

| S —
magnitude CTFT
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3. Symmetry

If X[n] is real-valued, then:

‘X (—Q)‘ = ‘X (Q)‘ (even symmetry)
ZX(—Q)=—-2X(Q) (odd symmetry)

[ Same as CTFT }

Inverse DTFT

Q: Given X(€2) can we find the corresponding X[n]?

A: Yes!! 1 o _
X[N]=—1] X(Q)e™dO
2 o7

mgrme instead over
any interval of length 27

...because the
DTEFT is periodic
with period 21
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Generalized DTFT

Periodic D-T signals have DTFT’s that contain delta functions

270(Q2), — < Q<71
Example: X[n]=1, Vn < X(Q)=
periodic, elsewhere

mperiod of 2 |

A
O
O
O
O
®
v

—3r -27 -7 7 T 2w 3rx
Main part

Another way of writing this is:

X(Q)=2rx ia(g —k27)
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How do we derive the result? Work backwards!

X[n]=—— " X (Q)e™d0
27 7

| -
=—[ 275(Q)e™dQ
27T I ‘2 Sifting property

in-0
— E}J

=1
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Transform Pairs: Like for the CTFT, there is a table of common pairs (See Web)

Compare and contrast them with the table
Of common CTFT’s

Be familiar with them

Table 3.2 common Fourier TRANSFORM PAIRS

Table 4.1 common DTFT PAIRS

L == <t <o 2ad(w) L )
1 ) -
_G-S + ulr —— '\. =
|: :l {‘:‘j{u ‘\, 1-‘ all m e E T"—Té{ 2 = EI_—rkJ
l [
u(t) & xd(w) + — 2 [1. n=012
fﬁf!l] — 1 J \ Sgn{u] q }m : e -‘EETI[”] - l_l o= —If__- —-2._.. .. &
+ > wO(RQ - 2xk)

ot = c) e, o any real number L :
| ot 2 0@ -2
e () e - e bh=n0 c S
(£
o s 2 HJ; dn] e 1
* Imd{w — wy), wy any real number 3 ] NG g 1
an— Nlee™, N= =1, %2 ...

T
p (1} & T sing —
27

aun] & r la| < 1

— e

r sine — & 2ap (w)

N =TT

(.-f %

2| [ e/ ey 2ad(02 - 2 = 23k

(1 ql).ﬂ (1) &= smc-L k-z { ? }
H 2 4

Sln {q + .,:IQ]

Al e—mn)

T Tt
—sine® [— e 2 1 -
d

2
COs wyt 3 T dw + awy) + o — )]
cos [ELi‘”I" + ) = 'T[" _fﬁa{r” + wn) + ol Ifj{[._l‘ _ rU“.]] F.Ei.ﬂ{:(; ﬂ) A E P-HKQ + ?.T.['lff-:]
SIN wof & 71 [dw + wy) — Hw — wy)] | -I -
E =]
sin (et + 0) & fa[e 3 (w + wy) — ePd(w — wp)] cos (pn o Z a[d(Q + 2y — 2ak) + (2 — 2, ~ k)]

b=

Careful h the book’ sin Gy & ;‘, jAlo(Q + 2, — 27k) - 8(Q — Q, - 2ak)]
arc Crc... the DOOK S m—
table doesn’t have this m(_mm | a) & 3 APU@ 4 Gy~ 20k) + AN - 0, k)

subscript... see next slide. 9/17




DTFT of a Rectangular Pulse (Ex. 4.3)

1, n=-qg,....—1,0,1,...,q

Define: D-T pulse as pq[n]:{

0, otherwise Use DTET

Tables on my
Book doesn’t use Website
this subscript!

Use “Geometric
Sum” Result...

9 .
So, by DTFT definition: Pq (Q2) = Z g N see Eq. (4.5)
n=—g

/¥ —e 12 §in{(q+1/2)Q}
1-e® N sin{Q/2}

See book for
details

P.(Q) =
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Properties of the DTFT (See table on my website)

Like for the CTFT, there are many properties for the DTFT. Most are identical to
those for the CTFT!!

But Note: “Summation Property” replaces Integration

There is no “Differentiation Property”

Most important ones:

-Time shift
-Multiplication by sinusoid... Three “flavors”
-Convolution in the time domain

-Parseval’s Theorem

[ Compare and contrast these with the table of CTFT properties }
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Table 3.1  PROPERTIES OF THE FOURIER TRANSFORM Table 4.2  FADPERTIES OF THE BTFT

Propesty Transform Pair/Propesty “roperty Transform Pais/Property
}e‘iﬂfr&lj[}'l axft) + flr) s aX{as) + BUfm)  e——= Linearity exfn] + fefn] e 2 X2 + BYTE)
Lapht or lelt shift in o = o eI
[ m lime xfe =) r> {{Irfh' . —_— Right or left shift in time xn = gl e Xam2ie ™™ g any inteper
Time scaling xlar) £+ & "'l: E,I -0 ‘_/_'_H_,_FF-'- Time reversal x[—n] + X{— = Xiih
Time reversal x{—f) &+ Jc'n;—u.-} = Xia) Multiplication bv n nxlr] e 'l.d% X
Multiplication by a power of t e e} e A M) n=1,2,,. "‘"#H' .
) ] day™ Multiplication by a complex exponential xfn]e " do - 8250, 4, real
Multiplseation by a complex exponentizl Tt )e M e X algl  dy Feal -P-"'""_FF* i
o Multiplication by sin L x[n] sin Com o = [ X[ + 42,) = X{0F — 2.1
Multsplication by sin e 0F) Sim et o igk’[m + o) = Ko — ayl] T 2
i = T 3 ] -_—
Multiplication by eos ayr T{f) 08 a1yt _EJX[c-.I + ) + Xl — ag)] o Muliaplication by cos fgn x[n] cos 2on g 5 [ X8+ 03)) + X )
Differentiation in the time domsin & o ) =12 Convolution in the time domain o] » v[n] & M@V
I- Summation Al —— X+ v FX(2en )b 1} — Rem)
Integration |r *(4) el l X{e) + xX(0 ‘_'___,_,..--""" .-En 11— —
S far a
Convodution in the time domain o) w vl e X Vi Multiplization in the lime domain i ]v|r] = L r X6 - (L) o
0]+ v (o) Vie) / p ' n
. s 1 -
Multiplication in the time domain B e (I R = T —
27 (w2} / Parseval's theorem 2 a[m]v[n] = Z‘_I.T |r M1V di2
= L S — =T = .
Parseval's theorem |r x(ipt) di = Eln | K1 Wiar) dloy " L=
o ! L Special case of Parseval's theorem E [r] = EJ (x| g2
Special case of Parseval's theorem f i) dr = E J’ [ da a-""""'fﬁ — =
- g - .
Druality e Jec{—p) _R'-‘lﬂhunshij.:- 1o inverse CTFT Wxln] e X(82y and yir) & Xlo)pactan). then 2] = 3 1wy = 10m)

This one has no equivalent on Use the Tables on
CTFT Properties Table... my Web Site!!!
See next example

It provides a way to use a CTFT table to find DTFT pairs...
here is an example
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Book’s picture is

Example 4.7: Finding a DTFT pair from a CTFT pair not quite
4 X(€2) correct... the “B”
1s in the wrong
place J
-2l7'c -In -B B 7It én QV

Say we are given this DTFT and want to invert it...

The four steps for using “Relationship to Inverse CTFT” property are:

1. Truncate the DTFT X(€2) to the -n to m range and set it to zero elsewhere
2. Then treat the resulting function as a function of ®... call this I'(®)

['(®) = X(0)p, {©)

tT(0) = X(©)p,,(0)

27T -t -B B =« 27 ®
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3. Find the inverse CTFT of I'(w) from a CTFT table, call it «(t)

From CTFT table:
y(t) = Esinc(Et)

T T

4. Get the X[n] by replacing t by n in (1)

X[Nn]= y(t)‘t:n = Ssinc(E nj

T
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Example of DTFET of sinusoid
X[n] = cos(2,n)

From DTFT

T —
Note that: X[n]/lxcos(QOn) {O e ngrl)irtyysmusmj

o X(Q)=?

A Table %
Syin]=1 wep |Y(Q)=27) 5(Q-27K)
k=—o0
4 Y(Q) 1
k=- k=-1 +1k=0 k=1 k=2
term ‘ Iterm‘ | termI ‘ termI ‘ term O ‘
\_ —4ITE —|37c —2|7c —7II ‘ 7I'C én 3Iﬂ 4I7I /

Another way of writing this: Y (Q)) = {

270(Q2), —7n<Q<rx

21 — periodic elsewhere
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Recall:  X[n]=1xcos(2,N) so we can use the “mult. by sinusoid” result

1
= X(Q) ==[Y(Q+Q,)+Y(Q-Q,)] ‘mult by
2 sinusoid”
property says
Using the second form for Y(QQ) gives: we shift up &
down by Q,

[0 Q+Q)+6(Q-Q,)], -7<Q<x )

X(Q){

27 — periodic elsewhere

Or...using the first form for Y(€2) gives:

Y (Q) =7zi[§(Q+QO —27K) + 6(Q - Q, —27K)]
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To see this graphically: 276(QY), —7m<Q<x

Y@n={

21 — periodic elsewhere

Y1

SN I I N A S

47 —I3ﬂ: —2|7c T ‘ T én 3n  4m

<«

{d&Q+QQ+&QQQL —r<Q<x
X(Q)=

27 — periodic elsewhere

X(Q) Red comes from Up-shifted Y(€2)
t Blue comes from Down-shifted Y(£2)

N B B O bttt e

47 -|375 -2ITC - -QyY €2, TIE 271 3|7I 4t
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