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Circular Symmetries

In the context of DET & IDFT we often need to discuss symmetries w.r.t. the
circular nature of a signal.

: L = N -1
Let this be an N-point signal (segment) : X[N] 4[ on<6n> J

Circularly Even Sequence: Even symmetry about 0 on the circle

X[n]=X[N-n], 1<n<N-1 X,[n]=X,[-n]=X,[N —n]
\ Not 0!! |
X[1]= X[8 —1] x(2) X[n]
_X[7] x(3) x(1) \
X[2] = X[8 - 2] |
= X(6] @ O [ [
X[3]= X[8 - 3] 1234567 n
= X[5] x(5) x(7)
X[4]=X[8 —4] x(6)
= X[4]

For complex signals — “Conjugate Even” signals have: | X, In]= X: [N —n]
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Circularly Odd Sequence: Odd symmetry about 0 on the circle ‘ x[0] =0

X[n]=—X[N—-n], 1<n<N-1 X,[n]=—=x,[-n]=—=x,[N —n]

‘ Not O!! I

X[1]=—X[8 —1] x(2)

x[n]
= —X[7] N
X[2] = —X[8 —2] [ ‘
- *(4) *(0) [
X[3] = —X[8 — 3] 11234 N
=—X[5]
X[4]=—X[8 —4] x(6)

For complex signals — “Conjugate Odd” signals have:

X,[N]=—=X[N —n]

3/10



Decomposing Signal into Odd & Even Parts:

Given an arbitrary signal with periodic extension X,[n] we can decompose it as

%[N = X,,[N]+ X, [N]

 X,[n]+ X, [N —n]

X,[n]—X;[N —n]
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Symmetries Properties of the DFT

For generality, assume that the signal (and its DFT) are complex valued.

General Results

= 2 [xeI+ ] [eos(2ekn / N) — jsin2kn /)]
X [k]= NZ_;[XR[n]cos(ann / N)+ X, [n]sin(27zkn / N)]
X, [K] = —NZj[XR[n]sin(Zﬂkn / N) = x,[n]cos(2zkn / N)]
X, [N] :ﬁizg[xR[k]cos(zyzkn/ N)— X, [k]sin(2zkn / N)]
X,[n] = ﬁ’::;[XR[k]sin(ann/ N)+ X, [K]cos(2zkn / N)]
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Real-VValued Sequences

If X[n] is real valued then

X d*[k] _ |:§X[n]e_j2”kn/N :|

*

N-1

. N_l .
ZX*[n]eJZﬂ'kn/N — Zx[n]e—jZﬂ'(—k)n/N — Xd[_k]
n=0

>

But by the periodicity of the DFT we have that X ‘[—k]= X ‘[N —K]

g— X9 k]= X[-k]= X ‘[N —K]

* d" vy d
X[0]= XINT| xqpoymust X [N/2I= XN /2]
Periodicity — X ‘[0] = X ‘[N ] be real XI[N/2] must be real

This then yields||X ‘[N =Kk]|=[X ‘K] 2X‘[N =k]=-2X"[k], k #0,N/2
Circularly Even “Sort of” Circularly Odﬁ

ZX90]=mz

[2XIN/2] = mz|
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Example of DEFT Symmetry for Real Signal

N=8 ‘xd[k]‘ XN = k]| = |X[k]
Mt
—8—7—6—5—4—3—2—10123456789101112131415 k

ptt ettt

N=28 L ZX K] XN —k]=-2X[K], k #0,N/2

4

— 111 i' Hi >
—8—7—6—5—4—§I—|& 01234 8910111213*115 k

O
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Real-Valued & Circularly Even Sequences

a N -1
= > [Xe[n]cos(2zkn / N)+W)]
X [K] = —Nz_i[xR[n]sin(Zﬂkn / N)—WN)]
N

" J
Y
X[n]=X[N —n] - =0 (even x odd = odd)

X[n] real » <

X‘[k]=> x[n]cos(2zkn/N)| Real & Even

S [X,[K]sin(2zkn / N)+ XW)]

J

Y _1N
— 0 (evenx odd = odd) |XI" —ﬁkz [Kcos(2zKni/N)
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Real-Valued & Circularly Odd Sequences

N-I N—I
X[k]==]> x[n]sin(27zkn/N) x[n] = jﬁ X [k]sin(27zkn/ N)
n=0 k=0
Real & Even

See Table 7.1 for Summary of Symmetry Properties
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