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Definition of the DFT

/So. .. Given N signal data points x[n] forn =0, ..., N-1 A
Compute N DFT points using:

k]—Zx[n]e" ...........
[rER e
W, =k—

N

Inverse DFT (IDFT)

/So. .. Given N DFT points X[k] for k=0, ..., N-1 \
Compute N signal data points using:

N-1
x[n]:%ZX[k]e"z”k”/N n=0,12,...N-1
n=0




DFT as a Matrix Operator (Linear Transformation)

N-1
X[k]=) x[nle”™*"  k=0,1,2,..,N -1
n=0

X[0]= fx[n]e‘jz”onw = x[0]+ x[1]+---+ x[N = 2]+ x[N —1]

n=0

N-1
X[l] — Zx[n]e—jZEIn/N — x[o] + x[l]e—jZEI/N 4eee g X[N . 2]e—j27r1(N—1)/N
n=0

X[N-1]= 3 x[n]e 27NN = X[0]+ x[1]e 2T YN oo X[ N = 2] ARV DOV
n=0
X[0] | [1 1 1 1 1 x[0]
X[l] 1 ej27r1-1/N ej27r2~1/N . ej27z(N—1)-1/N X[l]

Xy XN

_X[N . 1]_ 1 ej27rl(N—l)/N ej27r2(N—1)/N L. ej27Z'(N—1)(N—1)/N _X[N . 1]_

DFT Matrix
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It is common to use the ¥, symbol when discussing the DFT: W, =e 7**'"

[ “N"root of unitﬁ

DFT: x[k1=Y x[nW¥  k=0,1,2,...,N -1

n

=

Il
(=)

N-1
IDET: x[n]:i X[kw," n=0,1,2,.,N-1
N i
DFT Matrix
11 1 1
1w, we o e W
W,=| 1 W, we e g
B WI\]fv B Wl\zf(N_l) WZ\(/N_I)(N_I)_ [ Easy to Invert! J

\/
1

DFT: [X, =W, X, | IDFT:|x, = W,'X,, =WW]*VXN
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Properties of DFT

You’ve learned the properties for CTFT and for DTFT... (e.g., delay property,
modulation property, convolution property, etc.) and seen that they are very

similar (except having to account for the DTFT’s periodicity)

Since the DFT is linked to the DTFT you’d also expect the properties of the

DFT to be similar to those of the DTFT....

That is only partially true!

Linearity:
/ DFT ~
x,[n] <> X [k]
N DFT
> ax[n]+ax|n] ¢« aX[k]+a,X,[k]
DFT N
x,[n] <> X,[k] )

\ N

\

/

524



Periodicity:

/1. DEFT points computed using the DFT formula are periodic \
X[k+N]=X[k] Vk

2. Signal samples computed using the IDFT formula are periodic

xln+ N]=x|n| Vn
9 [n+N1=x{n) p
| { BRE JRT S .Proof o.f #1 is
Proof of #2: x[n+ N]= I ZX [k]e virtually identical
k=0

1 N-1 ' '

_ _ZX[k]e]27an/Ne]27zkn/N — X[n]
N k=0 H_l

=1

#1 is not surprising... it comes from the periodicity of the DTFT...

 Note that #2 says the periodicity 1s for the samples AFTER doing an IDFT!!!

[ This has a big impact on other properties such as convolution & delay properties!! ]
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[Note that #2 says the periodicity is for the samples AFTER doing an IDFT!!! ]

x[n]

il

il

E ,
S é" z»me%f"
Al il

.
J)
A 4 Y
These are not “really there”... but they are “mathematically there”!!!

ReX [k]

2

Xyln

ImX[k]

b
Il

\
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This periodic “vestige” of the signal that arises in the context of the DFT can be
captured this way:

: L : = L-1
Let this be the L-point signal (segment) with L <N: x[n] 4[ On <0,n> ]

Define a N-period periodic signal by X, [n]= Z x[n—IN]

[=—00
x(n) 3 4
1]
] T = ]
0 1 2 3
xp{n) 4 4 4
3 3 3
Tt et
| T 1 T 1 T .
4 3 2 -1 0 1| 2 3 4 5 6 17
Then the periodicity property can be expressed as: N-pt DFT of signal with L <N

points implies zero-padding

*p [n] - ]DFTN {DFTN {x[n]}} out to N points
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Circular Shift (Defined)

x(n)

Math Notation for Circular Shift

-6 -5 -4 -3 -2 -1 0 2 3 4
x'(n) 4
3
2
]
0o 1 2 3
x(1) x'(1)
x(2) x0) X2 x'(0)
x(3) x'(3)

(e)

n

n

x[[n—k]]y £ x[n—k,mod N]

n |nmod4
-3 1
-2 2
-1 3
0) 0)
1 1
2 2
3 3
4 0)
5 1
6 2
7 3
8 0)
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Circular Shift Property of the DFT

Recall the shift property of the DTFT (which 1s virtually the same as for the
CTFT): - S
yinl=x[n—-1] & Y (w)=e "X (0)

[ “Regular” time shift... this is for DTFT ] ‘ Imparts additional linear phase term of }

“integer slope”

For DFT we have a similar property but it involves circular shift rather than

regular shift!! I
~ . ; .
yin=xlln=11], & Yk=W X k)= e PHNCR| | T

This is a direct result of #2 of “Periodicity”

(W )

hat this says is:
1. Ifyou circularly shift a signal then the corresponding DFT has a
linear phase term added... or alternatively
2. If you impart a linear phase shift of integer slope to the DFT, then

the corresponding IDFT will have a circular shift imparted to it. y
l%{lmmon scenario that arises... ]
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Proof: The “obvious” way to “see” this is to use the periodic extension view of

the IDFT: x,[n]= IDFT, { X*[k]|

[

[
=

]DFTN {e—j27zkl/NXd[k]} _ |:e—j27zkl/NXd[k] o 27N

0
/ IDFT evaluated at n—/... 1.e.
N-1 '

Shifted version of periodic

— 2 7k(n-I)/N vd
Zej hn=hIN x [k] N extension
k=0 D

= |

_ L
N

&~

= x,[n-1]=x{[n~1],
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More step-by-step proof as in the book:

/[ When n > we don’t need the mod operation! ]

N-1
DFT{x[[n — ]]]N} — Zx[[n _ l]]Ne—j27rkn/N
n=0
I-1 | Vol .
— x[[n . l]]N e—]Zﬂkn/N 4 Zx[n . l]e—]2ﬂkn/N
n=0 g g ]

=xX[N-m+n]

[ Explicit form for mod ]7
-1 N-1

— X[N . I 4+ n]e—]2ﬂkn/N + Zx[n . l]e—]Zﬂkn/N

n=0 n=I[
N-1 N-1-/
—j2rk l)/N —j2rk l)/N
= x[m]e />IN 4 x[m]e />0
m=N—I[ m=0 J
[ Combine into % N-1
single sum —j27kl/N —j27km/N —-j27kl/N y-d
° =e ' Zx[m]e’”’" =e ™Y X k]
" /\

[ Final Result! ]

Split from exp
and pull out

Change of
variables in
each sum
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Circular Modulation Property of the DFT

y[n]=W""x[n]=e”"""x[n] < Y'[k]=X"[[k-m]], =X [(k—m)modN]

(What this says is: \

1. If you modulate the signal (segment) by a frequency equal to one of
the discrete frequencies, then the corresponding DFT will have a
circular shift imparted to it.

2. Ifyou circularly shift a DFT then its IDFT will have a modulation

\ imparted at a frequency equal to a discrete frequency. /

The cyclic nature here 1s the same as for the DTFT... due to the fact that
the DTFT 1s periodic with period of 2.

Where this differs from the DTFT version is that the modulation frequency
must be one of the discrete frequencies of the DFT.
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Circular Convolution Property of the DFT

For CTFT and DTFT we had the most important property of all — the convolution
property:

convolution in time domain gives multiplication in frequency domain

For the DFT this property gets changed due to the circular properties of DFT &
IDFT. Later we’ll see the ramifications of this.
DFT )

x[n] < X[[k]

DFT

- = x[nOx[n] < XTkIX;[k]

DFT

nn] < X[k]

My symbol for “circular” convolution of two length N signal
L segments... book uses a different symbol that I could not make!

Circular convolution itself 1s not really something we “want”..

. rather we end
up here because we ask this question:

Given that multiplying 2 DTFTs corresponds to time-domain convolution... R
Does the same thing hold for multiplying two DFTs???

The answer 1s: “sort of” but it gives circular convolution. And since LTI

\systems do “regular” convolution this result at first seems not that useful.
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Proof: The periodic extension view of the IDFT provides some insight that this
property likely holds... but we need to prove it!

You’ll notice that the proof follows the line of the question we just asked: What
happens 1n the time-domain when I multiply two DFTs???

N-1
Form=1,2  Xolkl=> x,[nle”’”™", k=0,12,.,N-1
n=0

X{[k]= X'[k1X5[k], k=01,2,..,N-1

VERY important to A
1 M . I 1 M . . . sub in w/ different
X nl=—) X [kle”™" =— Z X k)X, [kle’™ summation dummy
N = N = variables!!!

1 N-1| N-1 _ N-1 . .
— ﬁ |: xl [m]eJZﬂmk/N:H:sz[l]e]27zlk/Ni|e]27mk/N

[=0

1 N-1 N-1 N-1 .
— Z X, [m] sz [Z] Ze]2ﬁk(n—m—l)/N
N m=0 =0 k=0

. . 1 Need to evaluate! }

A4

J

v
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Aside:

A N, n=kN (k 1s integer)
28]2 kn/N :Né‘[[n]]N :{

P 0, otherwise

The result is obvious for n = kN since for that case we are summing N 1s.

For “otherwise” this can be established via the geometric

summation result:  y N-l 1— ( e j27m/N)
Zej27zkn/N _ Z(ejZEn/N )k _
1 . (ejZﬂn/N)
k=0 k=0
_1_(ej27rnN/N)_ 1_1 —0
o 1_(ej27m/N) _1_(ej27m/N)_
This can also be seen graphically:
For n = kN For n # kN
( I \ ( Im \ )
m Like evenly
spaced forces
R R that cancel out!
© © (Yes... holds
N\ J \_ ) forodd N too!)
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So... picking up where we left off:

1N1

— N-1

x3[n] N sz[l ZejZﬂ'k(n—m—l)/N 5[[ l]]
m=0 =0 ic:O ) — N n—m—

V\/ N

o /

o

'

[|
3
L ME
_X

m]y %, [116T[n —m—11],

Sifting PrSperty but
w/ mod N nature!

Here we finish the proof
& define the term
“circular convolution”

x[n]= . x[mlx,[[n - m]], £ x[n)©x,[n]

N\

\

“Flip & Shift” but with Mod!!! Need to
understand “Circular Time Reversal’ to
see how this works!
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Circular Reversal: Reverse about 0 on the circle

x[[-n]]y =x[N—-n], 0<n<N-1

i

x(2)

v

x[n] x[N —n]

x[0]  x[0] @) Forward\l o) x{[-n]ly

Al x[7] Reverse { { {

x[2]  x[6] 5 T[ [ .
x[3]  x[5] ) R

x[4]  x[4]

x[5] x[3] #2) X(6)

x[6]  x[2]

x[7] x[1]

«(4) x(0)  x(4) x(0)

x(6) x(2)
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Circular Convolution Example:

x(l)=1

x(2)y=12 xy=2
.-l.']|::.jl} =1
;1.'1{3] =4
Xa(l)y=2
—+etded-sequence
Flipped

xy[n]= Y x,[mlx,[[n—m]],

la)

(b)

I
[

_l':{ 1 ::|

x(2) =3 X(0) =1

_1_'.._{3 ]| =4

2

Product Sequence for n =0

X3[0] = sum of these
=2+4+6+2=14
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Circular Convolution Ex. (p. 2):

xy[n]= Y x,[mlx,[[n—m]],

I
[

.-l']{]}= l _1':{]}

x(2)=12 x(0y=2 X3(2)=13 () =1
-'l']{-:”: | (a) -1'1{3]':4
Xa(0) = 1 |
m3=4 .!.'2“}=2 8 4
Xo2)=3 3
F—Fn-]ﬂ:-d-lippedscqummc rotated hyf% in time o Product Sequence for 7 = 1

X5[1] = sum of these
=4+1+8+3=16

Etc.... See textbook for the rest of the example 20/24



Circular Convolution EX. (p. 3): Alternate view using periodized signals

“Original” Signals:

K—A__\
RARIRAR RARARRRS
: I : ‘[ T : :
SRRESRRESARE ,
: : L2
n = 0 Output Sample: 1. Flip periodized version around this point

2. No shift needed to get n = 0 Output Value
3. Sum over one cycle

/'/\

GTTT

Jhmri

_0

rTe]

_o_o
—

_o_o
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Circular Convolution Ex. (p. 4):

n =1 Output Sample: Shift by 1 & Sum over one cycle

RRNE R
Tt

4
TTTTTTT TIT
=2 Qutput S 1: Shift b Z&Sumoveronec cle
n utput Sample y y

7] T
T T
TeteTefele]

: T‘TTHTTUT

n =3 Output Sample: | Shift by 3& Sum over one cycle

feTefeTelelr]
i i ITTIITTTITT

-————————+
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DFT of Product of Two Signals

DFT ; )
x[n] < X[k] r 1
- = xnlnnl © =X K1OX;[k]
DFT ; N N N
x,[n] ? X, [k]

This 1s the “dual” of the Convolution Property of DFTs.

.. so the proof is very
similar.

Parseval’s Theorem for DFT

DFT )

x[n] < X[[k]

S le[n]xz[n ZXd[kXd[k]
nn] < X)[k]

J

N-1 5 1 N 1
Special Case: Z‘x[n]‘ ‘Xd[k]‘
n=0
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DFT of Complex-Conjugate

DFT . DFT * o
xX[n] <> Xk] = x'[n] < X [[=k11y = X [N —k]
\
Take conjugate
here

IDFT of Complex-Conjugate

DFT DFT

x[n] © XK = x(-nlly =x[N-n] < X[k]

Take conjugate
here
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